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Abstract
We review (mainly) quantum effects in the theories where gravity sector is described by metric and
dilaton. The one-loop effective action for dilatonic gravity in two and four dimensions is evaluated.
Renormalization group equations are constructed. The conformal anomaly and induced effective action
for 2d and 4d dilaton coupled theories are found. It is applied to study of quantum aspects of black hole
thermodynamics, like calculation of Hawking radiation and quantum corrections to black hole parameters
and investigation of quantum instability for such objects with multiple horizons. The use of above effective
action in the construction of non-singular cosmological models in Einstein or Brans-Dicke (super)gravity
and investigation of induced wormholes in supersymmetric Yang-Mills theory are given.
5d dilatonic gravity (bosonic sector of compactified IIB supergravity) is discussed in connection with
bulk/boundary (or AdS/CFT) correspondence. Running gauge coupling and quark-antiquark potential
for boundary gauge theory at zero or non-zero temperature are calculated from d = 5 dilatonic Anti-de
Sitter-like background solution which represents Anti-de Sitter black hole for periodic time.
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1 Introduction: Why dilatonic gravity?
Dilatonic gravity represents very natural generalization of general relativity where gravitational sector is
described by metric tensor and also by the scalar partner (dilaton). In principle, any covariant theory
of gravity interacting in some way with scalar which is assumed to describe not matter may be called
the dilatonic gravity. The simplest form of dilatonic gravity is given by general relativity plus scalar
field Lagrangian where scalar sector may contain kinetic term and some potential. It is then clear that
for constant scalar such a theory is reduced to general relativity (with cosmological constant in case of
presence of scalar potential). One may think about more complicated generalizations where curvature
non-minimally couples with scalar.
Historically, one of the first theories of this sort has been suggested by Brans and Dicke. It is still
considered as an alternative to general relativity. Its action in so-called Jordan frame is given as
SBD =
1
16π
∫
d4x
√−g
[
φR − ω
φ
(∇µφ)(∇µφ)
]
+ SM , (1)
where φ is scalar (Brans-Dicke dilaton), R is curvature, ω is Brans-Dicke parameter and SM is usual
matter action. As one can see in Jordan frame the gravitational field is described by the metric tensor
and by dilaton.
The important role in dilatonic gravity is played by conformal transformations. Generally speaking,
starting from the spacetime M with metric gµν one can make (non-singular) coordinates dependent
rescaling of metric gµν → g˜µν = exp (σ(x)) gµν where σ(x) is some arbitrary function of coordinates.
Such rescaling is called Weyl or conformal transformation. It leaves the light cones unchanged, in other
words, the spacetime M with metric gµν and the one with metric g˜µν have the same causal structure.
This conformal transformation is extremely important as it permits to map one classical theory to
another theory which is sometimes easier to study. The explicit example of such mapping (dilaton is
also transformed) is given in section 5.2 (see also section 2.1) where Brans-Dicke-matter theory in Jordan
frame is transformed to the one in Einstein frame. As a result, in gravity sector the curvature appears as
in Einstein theory (minimal coupling with dilaton) while matter is getting dilaton coupled. There may
be given arguments that Einstein frame is the physical one.
Conformal transformations are especially important in conformal quantum theory. It means that on
classical level such theories do not change under conformal transformations. The manifestation of this
symmetry on the conservation laws level is the vanishing of energy-momentum tensor trace, i.e. Tµ
µ = 0.
However, on quantum level one needs to apply some regularization and (or) renormalization for calculation
of formally divergent, infinite quantities. Preserving covariance in such regularized calculations, one
breaks the conformal invariance on quantum level. As a result, trace of quantum energy-momentum
tensor is not zero. There appears so-called conformal or Weyl anomaly (for a review, see [1]). The
practical importance of conformal anomaly is related with the possibility to integrate over it and to
construct the anomaly induced, finite effective action. (In other words, instead of taking into account
quantum effects one is forced to add to classical gravitational action some (non-local) finite gravitational
action which is classical one and which role is to describe the effects related with quantum theory). This
property will be extensively used in the present review for conformally invariant, dilaton coupled theories
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where anomaly induced effective action on the arbitrary dilaton-gravitational background is found. (Note
that usually one can calculate the effective action or on some specific background or approximately, see
book [2] for a review).
Another big class of theories where classical dilatonic gravity naturally appears is related with the
process of compactification (or reduction). As an example, let us consider six-dimensional Einstein
gravity (with cosmological constant). Imagine that one is looking to the background of the sort: M4×S2
where M4 is an arbitrary four-dimensional manifold and S2 is two-dimensional sphere with the radius r
which depends explicitly from the coordinates of the space M4. The metric of the background M4 × S2
may be substituted to the action of above six-dimensional Kaluza-Klein gravity. After integration over
coordinates of two-dimensional sphere one is left with effective 4d dilatonic gravity of special form where
Kaluza-Klein dilaton (scalar) originates from the radius of S2 and 6d cosmological constant (if presents)
gives rise to dilatonic potential. Similarly, after spherical (or hyperbolic, or torus) reduction of 4d Einstein
gravity one gets two-dimensional dilatonic gravity. That is why in many cases usual four-dimensional
backgrounds of Einstein gravity may be also understood as 2d dilatonic backgrounds. In this sense,
standard Schwarzschild black hole (no dilaton) is the same as 2d dilatonic black hole of special form.
Then, the calculations performed for 2d dilatonic gravity may very often give the answers for 4d Einstein
gravity and vice-versa.
From another side this property gives additional motivation to study the dilatonic gravity. Indeed,
even the hypothetical proof of non-existence of dilaton in Nature would be given one may still work
with 2d dilatonic gravity having in mind that this is just another way to describe Einstein gravity after
reduction. Similarly, if Universe was multi-dimensional at some stage one can argue the presence of
Kaluza-Klein dilaton at early Universe. Of course, such dilaton should quickly decay.
Nevertheless, the most natural way to introduce the dilaton comes presumably from supergravity and
(super)strings. First of all, in many cases supersymmetry dictates the presence of dilaton in supermul-
tiplet as in 2d dilatonic supergravity of section 3.6 or IIB supergravity in section 6.2. For strings the
situation is even more dramatical: all versions of string theory predict the presence of scalar partner to
usual tensor graviton. It is assumed that such scalar should acquire a mass (thanks to some, not yet
well-understood dynamical mechanism). Then, macroscopic consequences of Einstein and string dilaton
gravity are more-less equivalent. Otherwise, if dilaton is massless the theory may become non-consistent
due to possible violation of (weak) equivalence principle and cosmological variations of gauge coupling
constants, etc.(However, some mechanisms to make theory consistent even for massless dilaton may be
suggested). We will not discuss this circle of questions here as we are mainly dealing with quantum
dilatonic gravity but not with macroscopic manifestations. Moreover, even for classical dilatonic gravity
there remain still some unresolved questions. For example, the dilaton may serve sometimes as panacea
to explain new observational effects like Pioner effect[3].
The purpose of this work is to give the review of results and methods in (mainly quantum) dilatonic
gravity in various dimensions. We attempt to present the details of typical calculations in the given
examples in a self-consistent way so that in most cases there is no necessity to consult original works in
order to understand the main points.
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In the next chapter we review the background field method evaluation of the divergent part of the one-
loop effective action in 2d and 4d dilatonic gravities where dilaton is dimensionless scalar. Consideration is
done of general (non-renormalizable) model of 2d dilatonic gravity (with matter) which includes string-
inspired models and the ones reduced from Einstein gravity. The obtained one-loop effective action
is applied to show that 2d dilatonic gravities which are classically equivalent are not equivalent on
quantum level, generally speaking. The equivalence is restored only on-shell. That alerts on the danger of
making quantum calculations in convenient parameterization and then using results of these calculations
in another (physical) parameterization of fields. As another application of the effective action we give
the renormalization group study of dilatonic gravity near two dimensions, using ǫ-expansion technique.
It is shown that theory under consideration may have stable fixed points for all coupling functions.
In the third chapter the calculation of conformal anomaly for Weyl invariant, dilaton coupled 2d and
4d scalars and spinors as well as for 4d dilaton coupled vector is presented. Such n-dimensional dilaton
coupled matter appears from usual n + 2-dimensional matter (no dilaton) after reduction. Integrating
over such conformal anomaly one is able to construct finite, anomaly induced action which is not limited
to some specific background. This is very powerful method to get the effective action on the arbitrary
dilaton-gravitational background. Unfortunately, it cannot be applied to dilatonic gravity itself as such
theory is not, as a rule, Weyl invariant. Of course, working in large N approximation one can neglect
the proper quantum gravity contribution to the effective action. As one example the large N , anomaly
induced effective action is presented for 2d dilatonic supergravity with dilaton coupled Wess-Zumino
model.
Fourth chapter is devoted to study of quantum aspects of (dilatonic) black holes using above induced
effective action. The overview of two simple models of 2d dilatonic black holes where quantum effects of
minimal matter induce Hawking radiation is given. In these models the dilaton is classical one as it does
not appear in quantum effective action. Then, the calculation of quantum corrections to thermodynamics
of 4d Schwarzschild and Schwarzschild-(anti) de Sitter black hole is presented where effective action
of third chapter (in large N and s-wave approximation) is extensively used. In particular, quantum
corrections to black hole horizon radii, temperature, mass and entropy are found. The important property
of such results is that such quantum corrections are also the quantum corrections to 2d dilatonic black
holes. This double role of results is discussed. At the final section of fourth chapter we discuss the
effect of anti-evaporation (i.e. increase of horizon radius) of multiply horizon black holes due to quantum
effects of matter. As an example, again Schwarzschild-de Sitter and 2d charged dilatonic black holes are
taken and anomaly induced effective action is used. Above effect is opposite to the well-known Hawking
radiation.
Fifth chapter is devoted to presentation of some elements of (dilatonic) quantum cosmology. Again
with large N anomaly induced effective action due to quantum conformally invariant matter we con-
struct non-singular 4d Kantowski-Sachs Universe. Such Universe may be also presented as 2d dilatonic
cosmology. For 2d dilatonic supergravity (or some its modifications) with Wess-Zumino matter the role
of quantum effects of matter to early Universe evolution is carefully discussed. For Brans-Dicke theory
with dilaton coupled matter (Einstein frame) the quantum matter effects lead to the possibility of infla-
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tionary Universe with quickly decaying dilaton. In the last section we show the possibility to induce the
primordial wormholes which are hard to realize in terms of classical gravity by quantum effects of Grand
Unified Theories in the early Universe.
In the last, sixth chapter we study mainly classical aspects of odd-dimensional (mainly five-dimensional)
dilatonic gravity descending from IIB supergravity (bosonic sector). While we look for classical Anti-de
Sitter-like solutions of such theory and it may look distant from quantum dilatonic gravity, it is not
so. The reason is well-accepted now bulk/boundary correspondence. With it from classical solutions of
IIB supergravity we get the description of dual gauge theory which lives on the boundary. In the first
section of this chapter from one approximate solution of 3d and 5d axion-dilatonic gravity we get correct
conformal anomaly studied from quantum field theory point of view in chapter 3 for 2d dilaton coupled
theories and for maximally supersymmetric Yang-Mills theory conformally coupled with conformal su-
pergravity. In the next section we present the 5d dilatonic solution interpolating between Anti-de Sitter
space and flat space with singular dilaton. This solution may be interpreted as the one describing running
gauge coupling in boundary gauge theory. In addition, the Wilson loop is obtained and the possibility of
confinement is mentioned. The generalization of this solution (approximate Anti-de Sitter black hole) to
include non-zero temperature is done. Then, from calculation of entropy and free energy of such 5d black
hole one can get the entropy and free energy of boundary gauge theory at strong coupling limit. The
role of higher derivative terms in such correspondence is discussed and free energy of super Yang-Mills
theory (with two supersymmetries) is found.
Some resume and open questions are listed in the Discussion. In this review, we mainly use the
following conventions of curvatures :
R = gµνRµν , Rµν = −Γλµλ,κ + Γλµκ,λ − ΓηµλΓλκη + ΓηµκΓλλη
Γηµλ =
1
2
gην (gµν,λ + gλν,µ − gµλ,ν) (2)
and we choose the Einstein action in the following form :
SEinstein = − 1
κ2
∫
ddx
√−gR (3)
However, in some cases we use also Euclidean notations
SEuclid =
1
κ2
∫
ddx
√
gR . (4)
The reason is that we follow to results of different works, often done with different notations.
2 One-loop effective action in dilatonic gravity
In the present Chapter we discuss the perturbative approach to dilatonic gravity. The one-loop effective
action is calculated and renormalization structure is discussed. Some immediate consequences of the
effective action like renormalization group equations near two and in four dimensions are presented. The
comparison of off-shell and on-shell ( S-matrix) effective actions for classically equivalent models is made.
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2.1 Perturbative renormalization of two-dimensional dilatonic gravity
In this section, we discuss the covariant effective action corresponding to a very general, multiplicatively
renormalizable [4, 5, 6, 7] (in generalized sense) model of 2d dilatonic gravity with matter. Its action has
the following form
S = −
∫
d2x
√
g
[
1
2
Z(Φ)gµν∂µΦ∂νΦ + C(Φ)R − 1
2
f(Φ)gµν∂µχi∂νχi + V (Φ, χ)
]
. (5)
It includes a dilaton field Φ and real scalar χi.
This action describes and generalizes many well-known dilaton models. For instance, the celebrated
bosonic string effective action corresponds to
Z(Φ) = 8e−2Φ, C(Φ) = e−2Φ, V (Φ) = 4λ2e−2Φ, f(Φ) = 1. (6)
On the other hand, in the absence of matter our action for
Z = 1, C(Φ) = Φ, V (Φ) = ΛΦ, (7)
coincides with the Jackiw-Teitelboim action [8, 9].
In principle, at the classical level the theory defined by the action (5) can be transformed into an
equivalent theory whose corresponding action is more simple. Indeed, this can be done by choosing the
field ϕ1 as defined through the equation
Z1/2(Φ)∂µΦ = ∂µϕ1, (8)
and by expressing Φ as Φ = Φ(ϕ1). Next, let us introduce a new field, ϕ2, via
cϕ2 = C(Φ(ϕ1)), (9)
and write then Φ = Φ(ϕ2). After having done this, by making the transformation [10]
gµν −→ e2ρ(ϕ2)g¯µν , (10)
with a properly chosen ρ(ϕ2) [10], one can see that the theory (5) with the transformed metric (10) is
classically equivalent to more simple, particular case
Z = 1, C = cϕ2, V = e
2ρ(ϕ2)V (ϕ2, χ), f(Φ) = f(ϕ2). (11)
However, the model (11) (which, generally speaking, may be considered as a representative of the general
class (5)) is still complicated enough. Moreover, it still includes arbitrary functions of the dilaton (now
ϕ2), as (5) does. Finally, the classical equivalence may be lost at the quantum level. For all these reasons,
we choose to consider the quantum effective action corresponding to more general theory (5).
Let us briefly remind the definition and the properties of the effective action. Let φ is set of fields,
S(φ) is classical action. Imagine for the moment that classical fields φ are not gauge fields. Then, the
effective action Γ(φ) is defined via the following integro-differential equation:
exp
(
i
h¯
Γ(φ)
)
=
∫
Dϕ
[
i
h¯
(
S[ϕ+ φ]−
∫
d4xϕ(x)
δΓ(φ)
δφ(x)
)]
. (12)
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Here h¯ is Planck constant, ϕ is set of quantum fields corresponding to φ. Actually, to derive the above
equation, one uses the background field method where the quantum fields transformation ϕ → ϕ + φ is
supposed. Here, ϕ are called quantum fields and φ are called the background fields. In case when gauge
fields are present, the correspoonding gauge-fixing term should be included into the classical action. It
also induces the so-called ghosts action. We will not give more details of presentation of effective action
for gauge fields as it may be found in the most of modern textbooks on quantum field theory. It is enough
to consider the effective action for non-gauge theories to demonstrate the qualitative properties.
The equation (12) may be further represented as follows (after the functional Taylor series expansion
of S[φ+ ϕ] is done):
exp
(
i
h¯
Γ(φ)
)
=
∫
Dϕ exp
{
i
h¯
(
S(φ) +
1
2
S2(φ)ϕ
2
+
∞∑
n=3
h¯
n
2−1
n!
Sn(φ)ϕ
n − h¯− 12ϕ (Γ1(φ)− S1(φ))
)}
. (13)
Here Sn =
δnS(φ)
δφ(x1)···δφ(xn) , ϕΓ(φ) =
∫
d4xϕ(x) δΓ(φ)δφ(x) . Eq.(13) gives the loop expansion of the effective
action. Limiting to only one-loop approximation (second term in right hand side of Eq.(13)), introducing
the notation
Γ(φ) = S(φ) + Γ¯(φ) = S(φ) +
∞∑
n=1
h¯nΓ¯(n)(φ) (14)
and making functional integration over quadratic on ϕ terms one gets;
Γ(1)(φ) = S(φ) + Γ¯(1)(φ) = S(φ) +
i
2
Tr logS2(φ) . (15)
Eq.(15) gives the one-loop effective action for non-gauge theories. For gauge theories, the key idea is very
similar, but due to difference in technique more Tr log terms (ghosts contribution) appear. As we will be
dealing with only one-loop approximation, we often do not write explicitly the index “1” or hat under
Γ(φ).
It is usually happens in QFT that loop corrections to the effective action are divergent (they contain
infinities). To avoid these divergences the standard prescription is to use some regularization. For
example, in one-loop approximation we can present
Γ¯(1)(φ) = Γ
(1)
fin(φ) + Γ
(1)
div(φ) . (16)
Depending on regularization under consideration, now the separation to finite and divergent pieces in
Eq.(16) is ambiguous. The simplest regularization could be just omitting of the divergent part in Eq.(16).
There is one extremely important case of the theories where the structure of divergences of effective
action (in all orders of loop expansion) repeats the structure of classical action. In this case (for details,
one can consult any modern textbook on QFT) Γdiv(φ) which may be calculated via Schwinger-De Witt
expansion is in some sense universal and represents the main interest. First of all, the explicit calculation
of Γdiv (which can be done normally only at one-loop, at best at two- or three-loops) indicates explicitly
if theory is renormalizable or not. This is especially important for non-linear theories like (dilatonic)
gravity. Second, if theory is renormalizable (even at one-loop) then Γdiv defines beta-functions. Using
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these beta-functions (for details, see [2]) one can construct the finite part of effective action (actually,
even in better approximation as so-called RG improvement may be applied). The example of such finite
effective action which satisfies to RG equations is presented in Section 2.4. Third, divergent part of
effective action maybe used in the construction of conformal anomaly as we see in next Chapter.
Taking into account above remarks, we give the explicit calculation of one-loop effective action di-
vergences in dilatonic gravity (with matter). We show that theory could be one-loop renormalizable but
only for special values of dilatonic couplings and dilatonic potential. In this case, finite part of effective
action may be restored also. Before going to direct calculation, let us briefly describe the generalization
of above effective action for gauge theories (in background gauge) as this is the case of dilatonic gravity.
Having the gauge theory with action S(φ), closed algebra and linearly independent generators one
introduces the generating functional of connected Green functions as follows:
exp
[
iW [J, φ˜]
]
=
∫
DϕDC¯DC exp
{
i
(
S(ϕ)
+
1
2
Gαβ [φ˜]t
α
i [φ˜]t
β
j [φ˜]ϕ
iϕj
+C¯αt
α
i [φ˜]R
i
β [φ˜]C
β − 1
2
Tr logGαβ [φ˜] + ϕ
iJi
)}
(17)
where ϕi is set of gauge fields, φ˜i are correspondent background fields, Riα are generators of gauge group,
linear gauge is chosen: χα[ϕ] = tαi ϕ
i, Cα, C¯α are ghost and antighost. The Planck constant is chosen to
be equal to unity. The gauge dependence is defined through the choice of functions Gαβ , t
α
i . One also
defines the mean field φ¯i:
φ¯i =
δW [J, φ˜]
δJ i
. (18)
The effective action is introduced via Legendre transformation:
Γ[φ¯, φ˜] =W [J, φ˜]− φ¯iJi (19)
where the source Ji is expressed in terms of mean field.
Changing the variable ϕ→ ϕ+ φ¯ in Eq.(17) and putting φ¯ = φ˜ as special condition, one can get
exp
(
iΓ[φ¯]
)
=
∫
DϕDC¯DC exp
{
i
(
S(φ¯+ ϕ)
+
1
2
Gαβ [φ¯]t
α
i [φ¯]t
β
j [φ¯]
(
φ¯i + ϕi
) (
φ¯j + ϕj
)
+C¯αt
α
i [φ¯]R
i
β [φ¯+ ϕ]C
β − 1
2
Tr logGαβ [φ¯] + ϕ
i δΓ[φ¯, φ˜]
δϕi
∣∣∣∣∣
φ¯=φ˜
)}
(20)
where Γ[φ¯] = Γ[φ¯, φ˜]|φ˜=φ¯. This effective action in background gauge represents the generalization of the
one for non-gauge theories in Eq.(12). It is important that one can prove that
Γ¯,i
[
φ¯
]
Riα[φ¯] = 0 . (21)
In other words, such effective action is gauge invariant one. The above approach is called background
field method.
7
In the one-loop approximation it may be found in analogy with Eq.(15) as follows:
Γ¯(1)[φ¯] =
i
2
Tr log
{
S,ij [φ¯] +Gαβ [φ¯]t
α
i [φ¯]t
β
j [φ¯]
}
−iTr log{tαi [φ¯]Riβ [φ¯]}− i2Tr lnGαβ [φ¯] . (22)
Second term in Eq.(22) gives the one-loop ghosts contribution while third term usually gives no contri-
bution to divergent part of the effective action (except the case of higher derivative theories). As one sees
below the Eq.(22) (no last term) is typical one-loop divergent EA structure in dilatonic gravity.
Let us now briefly describe the calculation of one-loop effective action in dilatonic gravity (5). The
covariant gauge fixing condition is chosen as follows (see also next section,Eq.(42) and below for definition
of background and quantum fields)
Sg.f. = −1
2
∫
cµνχ
µχν , χµ = −∇ν h¯µν + C
′
C
∇µϕ , cµν = −C√g gµν , (23)
The total quadratic contribution to the action takes the form
S
(2)
tot = −
1
2
∫
d2x
√
gφiĤijφ
j ,
where Ĥ is the second order minimal operator, and φi is the set of all quantum fields including graviton,
dilaton and matter fields (if present). The one-loop effective action in terms of supertraces becomes
Γ =
i
2
Tr log Ĥ − iTr logM̂ , (24)
where Ĥ = −K̂∆ + L̂λ∇λ + P̂ , and the last term in (24) is the ghost operator corresponding via (23)
to diffeomorphisms. Here K̂ and L̂ and P̂ are some matrices which form follows from making second
functional derivative of the action. We use the same technique as in refs. [4, 5, 6], representing
Ĥ = −K̂
(
1̂∆ + 2Êλ∇λ + Π̂
)
, Êλ = −1
2
K̂−1L̂λ, Π̂ = −K̂−1P̂ . (25)
After that, the standard algorithm can be used, namely
i
2
Tr log Ĥ =
i
2
Tr log
(
1̂∆ + 2Êλ∇λ + Π̂
)∣∣∣∣
div
=
1
2ǫ
∫
d2x
√
gTr
(
Π̂ +
R
6
1̂− ÊλÊλ −∇λÊλ
)
, (26)
where ǫ = 2π(n − 2). To obtain the divergent part, Γ2−div, we have to evaluate the functional traces of
the matrices above according to (26). After some tedious algebra [6] we arrive at
Γ2−div =
i
2
Tr log Ĥ = − 1
2ǫ
∫
d2x
√
g
{
4
3
R+
2
C
V +
2
C′
V ′ +
(
2C′
C
− Z
C′
)
(∆Φ)
−
(
3C′2
2C2
+
C′′Z
C′2
)
(∇λΦ)(∇λΦ)
}
. (27)
To complete the calculation one has to consider the ghost operator
M̂µν ≡
δ
R
χµ
δφj
∇jν ,
where δR stands for the right functional derivative and the generators of the diffeomorphisms are
∇ϕν = −(∇νΦ) , ∇h¯ρσν = gρσ∇ν − gνρ∇σ − gνσ∇ρ . (28)
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Explicitly,
M̂µν = gµν∆−
C′
C
(∇νΦ)∇µ − C
′
C
(∇µ∇νΦ) +Rµν , (29)
which leads to
Γgh−div = − 1
2ǫ
∫
d2x
√
g
{
8
3
R− C
′
C
(∆Φ) +
(
C′′
C
− 3C
′2
2C2
)
(∇λΦ)(∇λΦ)
}
. (30)
The final answer is [4, 6]
Γdiv = − 1
2ǫ
∫
d2x
√
g
{
4R+
2
C
V +
2
C′
V ′ +
(
C′
C
− Z
C′
)
(∆Φ)
+
(
C′′
C
− 3C
′2
C2
− C
′′Z
C′2
)
(∇λΦ)(∇λΦ)
}
. (31)
Notice that all surface terms have been kept in Eq. (31). Similar calculation of one-loop effective action
in 2d dilatonic gravity (without matter) has been discussed also in refs.[11, 12, 13, 10, 14].
Having performed the above calculation, now it is not difficult to take into account the scalar fields χi,
and to repeat it for the effective action (5). In fact, the introduction of the scalars leads to minor changes.
In the background field notation χi → χi + σi the quantum fields are φi = {ϕ;h; h¯µν ;σi}. Scalars do
not spoil the minimality of the second functional derivative operator, so that the gauge condition and
ghost action may be left untouched. The ’t Hooft-Veltman procedure [15] is assumed to be used when it
is necessary. Thus, the complete one-loop divergences for the theory (5) become
Γdiv = − 1
2ǫ
∫
d2x
√
g
{
48 + 2m
12
R +
2
C
V +
2
C′
V ′ − V,ii
f
(32)
+
(
C′′
C
− 3C
′2
C2
− C
′′Z
C′2
− mf
′2
4f2
+
mf ′′
2f
)
(∇λΦ)(∇λΦ) +
(
C′
C
− Z
C′
+
mf ′
2f
)
∆Φ
}
.
This is the main result of the present section —the one-loop effective action for 2d dilaton gravity with
scalar matter. Furthermore, one can easily generalize this expression to the case when Maxwell fields are
added, namely, when one considers action (1) plus the Maxwell action:
S = −
∫
d2x
√
g
[
· · ·+ 1
4
f1(Φ)F
2
µν
]
. (33)
With the background versus quantum field separation Aµ → Aµ +Qµ, in the Lorentz gauge,
SLorentz = −
∫
d2x
√
g f1(Φ)(∇µQµ)2, (34)
the extra contributions are known to split into the F 2-terms and total divergences (see ref. [16]). Thus,
the total divergent contribution to the one-loop effective action of the theory (5) plus the Maxwell terms
(33) is given by
Γdiv = − 1
2ǫ
∫
d2x
√
g
{
−2m+ 60
12
R+
2
C
V +
2
C′
V ′ − V,ii
f
+
(
f1
′
2C′
− f1
2C
)
F 2µν
+
(
C′′
C
− 3C
′2
C2
− C
′′Z
C′2
− mf
′2
4f2
+
mf ′′
2f
+
f1
′′
f1
− f
′
1
2
f21
)
(∇λΦ)(∇λΦ)
+
(
C′
C
− Z
C′
+
mf ′
2f
+
f1
′
f1
)
∆Φ
}
. (35)
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This gives the divergences of the covariant effective action (general review is given in [2]). Gauge depen-
dence of Eq.(35) has been studied in ref.[17]. It is interesting to note that such one-loop EA may be also
calculated in gauge-fixing condition independent formulation [17].
In the similar way, one can calculate the one-loop effective action for the theory (5) in the case when
the gravitational field is a classical one, but the dilaton and the scalar fields are quantized. Such a
calculation is much simpler since there are no gauge-fixing terms and corresponding ghosts. The effective
action may be found as following
Γdiv = − 1
2ǫ
∫
d2x
√
g
{(
C′′
Z
− 2m+ 2
12
)
R+
V ′′
Z
− V,ii
f
+
(
f ′2
2fZ
− f
′′
2Z
)
(∇λχ)(∇λχ)
+
(
mf ′′
2f
− mf
′2
4f2
− Z
′2
4Z2
)
(∇λΦ)(∇λΦ) +
(
mf ′
2f
− Z
′
2Z
)
∆Φ
}
. (36)
Expression (36) gives the one-loop effective action of the system composed of quantized dilaton, scalars
in an external classical gravitational field.
Let us make here remarks on the issue of renormalization, to one-loop order. Without loss of generality,
we will restrict ourselves to the case of pure 2d dilaton gravity. By adding to the classical action the
corresponding counterterms (Γdiv with opposite sign), one obtains the one-loop renormalized effective
action.
Choosing the renormalization of the metric tensor in the following form
gµν = exp
{
1
ǫ
[
1
C(Φ)
+
Z(Φ)
2C′2(Φ)
]}
gRµν (37)
(this choice absorbs all the divergences of the dilaton kinetic term), one can obtain the renormalized
effective action as (for simplicity, we drop the superscript ‘R’ off gµν and R):
SR = −
∫
d2x
√
g
{
1
2
Zgµν∂µΦ∂νΦ+ CR + V +
1
ǫ
(
−V
′
C′
+
ZV
2C′2
)}
. (38)
Now, the condition of multiplicative renormalizability of the theory in the usual sense has the following
form
− V
′
C′
+
ZV
2C′2
= a1V, (39)
where a1 is an arbitrary constant. This condition restricts the form of the functions under discussion.
Some sets of solutions of Eqs. (39) can be obtained explicitly:
Z = 1, C(Φ) = C1Φ, V = 0. (40)
There are, of course, more complicated solutions [4, 5, 6]. One can also look to fixed points solutions of
generalized RG equations, finding some specific models of dilatonic gravity as fixed points of such RG
equations [17].
2.2 Quantum equivalence in the models of 2d dilatonic gravity
Let us limit to specific version of 2d dilatonic gravity with action:
S1 = −
∫
d2x
√
g
[
1
2
gµν∂µΦ∂νΦ+ CRΦ + V (Φ)
]
, (41)
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where C is a positive constant and V (Φ) an arbitrary function. The one-loop renormalization of the
theory (41) has been discussed above. We will study quantum equivalence in such model following to ref.
[18].
Let us here briefly summarize the results concerning the one-loop effective action. We use the back-
ground field method
gµν −→ g¯µν = gµν + hµν , Φ −→ Φ¯ = Φ + ϕ, (42)
where hµν and ϕ are the quantum fields. The simplest minimal covariant gauge is given by
SGF = −1
2
∫
d2x cµν χ
µχν , (43)
where
cµν = −CΦ√g gµν , χµ = −∇ν h¯µν +
1
Φ
∇µϕ, (44)
and h¯µν = hµν − 12gµνh. The divergences of the one-loop effective action (including all surface terms)
have been calculated in Eq.(31) as following:
Γdiv = − 1
2ǫ
∫
d2x
√
g
[
4R+
2
CΦ
V +
2
C
V ′ +
(
1
Φ
− 1
C
)
(∆Φ)− 3
Φ2
(∇λΦ)(∇λΦ)
]
. (45)
Let us now make in the theory (41) the field transformation
Ψ2 =
C
γ
Φ, gµν −→ e−2ρ g˜µν , (46)
where
γ > 0, ρ =
γΨ2
4C2
− 1
8γ
lnΨ.
Then, action (41) becomes
S2 = −
∫
d2x
√
g˜
[
1
2
g˜µν∂µΨ∂νΨ+ γR˜Ψ
2 + U(Ψ)
]
, (47)
where we have defined U(Ψ) ≡ e−2ρV (Φ(Ψ)) and dropped off a total derivative term. The actions S1 and
S2 (eqs. (41) and (47), respectively) are parameterized through different triplets of functions {Z,C, V }.
They are classically equivalent and lead to the same classical physics.
We shall now investigate the one-loop effective action for the theory (47). The calculation will be
done in the same gauge (43)-(44), that is also to be transformed in accordance with (46). So, the natural
prescription is:
a). For the background fields we shall make the transformation (46), where Ψ and g˜µν will be now
the background fields of the theory (47).
b). The quantum fields will be transformed according to the first order Taylor expansion of eq. (46)
(local change of variables)
ϕ −→ 2γ
C
Ψ η, hµν −→ e−2ρ(Ψ)
[
h˜µν +
(
1
4γΨ
− γ
C2
Ψ
)
g˜µνη
]
. (48)
We should recall now that in the background field method for the theory (47),
g˜µν −→ g˜µν + h˜µν , Ψ −→ Ψ+ η, (49)
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where h˜µν and η are the quantum fields. Taking into account all the remarks above, we get the following
covariant (minimal) gauge for the theory (47):
SGF = −1
2
∫
d2x cµν χ
µχν , (50)
where
cµν = −γΨ2√g gµν , (51)
χµ = −∇ν h¯µν +
(
γ
C2
Ψ− 1
4γΨ
)
(∇νΨ)h¯µν +
2
Ψ
∇µη + 2
Ψ2
(∇µΨ)η. (52)
In order to simplify notation, in which follows we can suppress tildes over gµν and hµν . The total one-loop
divergence, Γdiv = Γ2−div + Γghost−div, is
Γdiv = − 1
2ǫ
∫
d2x
√
g
[
4R+
2
γΨ2
U +
1
γΨ
U ′ +
(
4γ − 3
2γΨ
+
4γΨ
C2
)
(∆Ψ)
+
(
4γ
C2
+
1− 20γ
2γΨ2
)
(∇λΨ)(∇λΨ)
]
. (53)
We must observe that in this final formula all surface terms have been kept.
Let us now discuss the on-shell limit of Γdiv, eq. (53). Keeping all the surface terms and using the
classical field equations resulting from the action (47) we obtain the total derivative
Γon−shelldiv = −
1
2ǫ
∫
d2x
√
g
[
2R+∆
(
12γ − 1
2γ
lnΨ +
2γ
C2
Ψ2
)]
. (54)
One may consider another form of gauge fixing action. Then, one-loop effective action in new gauge
differs from Γdiv, eq. (53), only in surface terms. The off-shell one-loop renormalization is the same in
different gauges. However, even on shell they still differ in some total derivative terms. Summing up, we
see that the on-shell effective action in different gauges is given by surface divergences only (finiteness of
the S matrix), but these terms depend yet on the choice of gauge condition.
We are now going to investigate the theory (41) in the variables (46). Transforming Γdiv, eq. (45), to
the new variables (46), we get
Γdiv = − 1
2ǫ
∫
d2x
√
g
[
4R+
2
γΨ2
U + e−2ρ(Ψ)
2
γ
∂V (Ψ)
∂Ψ
+
(
4γ − 2
2γΨ
+
2γΨ
C2
)
∆Ψ+
(
2γ
C2
+
2− 20γ
2γΨ2
)
(∇λΨ)(∇λΨ)
]
, (55)
As we see, there is no perturbative quantum equivalence between the two classically equivalent dilaton
gravities (41) and (47). In fact, the one-loop effective action (55) which comes from action (41) in the
gauge (43) does not coincide with Γdiv, eq. (53), which is obtained when starting from the classically
equivalent theory (47) in the gauge (50) —that can be made correspond with the gauge (43). However
one can show that two classically equivalent dilaton gravities lead to the same class of multiplicatively
renormalizable potentials.
Let us now consider the on-shell effective action of the theory (41). Using classical field equations and
keeping all the total derivative terms in (45), we get
Γon−shelldiv = −
1
2ǫ
∫
d2x
√
g
[
2R+∆
(
1
C
Φ+ 3 lnΦ
)]
. (56)
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Transforming the variables in (56) according to the change (46), we obtain exactly eq. (54).
From the discussion above, we conclude that there is on-shell perturbative quantum equivalence for
the classically equivalent dilaton gravities (41) and (47). This analysis is presented in detail in order to
avoid the following confusion. It is very often to study some questions related with quantum cosmology or
black holes the researchers come to “convenient” parameterization of the quantum model where quantum
calculations are easier to do. After that, the result of such calculations is transformed back to original
parameterization (original quantum variables) and is used in subsequent analysis. As it follows from
above results such approach is most likely wrong unless on-shell calculations are used.
2.3 Dilatonic gravity with matter in 2 + ǫ-dimensions
It is quite an old idea [19, 20, 21, 22, 23] to try to study Einstein gravity in 2 + ǫ dimensions, which
may improve its ultraviolet properties. The gravitational coupling constant in such a theory —near
two dimensions— shows an asymptotically free behavior [19, 20, 21, 22, 23], which can actually be very
exciting in attempts to solve the problem of non-renormalizability of 4-dimensional Einstein gravity [15].
Unfortunately, it was shown that Einstein gravity in 2+ ǫ dimensions is on its turn a non-renormalizable
theory [24] in the usual sense.
Furthermore, dynamical triangulations in more than two dimensions (see, for example, [25, 26]) have
clearly shown the existence of a phase transition to a strong-coupling phase of similar nature as 2-
dimensional quantum gravity [27]. Because of this, of considerable interest is still to try to construct a
consistent theory of QG in 2+ǫ dimensions (on the next step, one can think on hypothetical continuation
of small ǫ to ǫ = 1 or ǫ = 2).
It has been suggested [28], that a thing to do would be to study dilatonic gravity near two dimensions
(similarly, it was the idea in ref. [29] to consider Einstein gravity with a conformal scalar field near
two dimensions). Notice, however, that unlike Einstein gravity, dilatonic gravity possesses a smooth
ǫ→ 0 limit. This difference manifests itself in the fact that dilatonic gravity —which after a proper field
definition can be presented as an Einsteinian theory with a scalar field— is not equivalent to Einstein
gravity in exactly two dimensions. The gravitational coupling constant [28] in this theory also has an
ultraviolet stable fixed point for ǫ > 0 and n < 24 (n is the number of scalars or matter central charge).
Thus, the matter central charge in dilatonic gravity is bounded, as it also happens in Einstein’s theory.
In the present section, we give short overview of typical example: dilatonic-Maxwell gravity with
scalar matter in 2 + ǫ dimensions. This theory, which includes a dilatonic potential and a Maxwell term
with an arbitrary dilatonic-vector coupling function, may be considered as a toy model for unification
of gravity with matter (scalar and vector fields). We follow to ref.[30, 31] where it was shown that in
the ultraviolet stable fixed point the gravitational coupling constant has the value G∗ = 3ǫ/[2(30 − n)]
and, hence, owing to the contribution of the vectors, the matter central charge of our universe in such
a model can be naturally increased from 0 < n < 24 (for pure dilatonic gravity) to 0 < n < 30 (for
dilatonic-Maxwell gravity).
We start from the theory of dilatonic gravity interacting with scalars and vectors via dilatonic couplings
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in 2 + ǫ dimensions. The action is
S =
∫
ddx
√−g
[
1
2
Z(φ)gµν∂µφ∂νφ+
µǫ
16πG
RC(φ) + V (φ)− 1
2
f(φ)gµν∂µχi∂νχ
i +
1
4
f1(φ)F
2
µν
]
, (57)
where gµν is the (2+ǫ)-dimensional metric, R the corresponding curvature, χi are scalars (i = 1, 2, . . . , n),
Fµν = ∇µAν − ∇νAµ, with Aµ a vector, and where the smooth functions Z(φ), C(φ), V (φ), f(φ) and
f1(φ) describe the dilatonic interactions. Notice that V (φ) is a dimensional function and it is therefore
convenient to redefine V → m2V , where m is some parameter with dimension of mass.
One can easily prove that the above theory (57) is renormalizable in a generalized sense. The one-loop
counterterms corresponding to (57) in two dimensions have been calculated in refs. [14, 16], (see also
previous section). Our purpose is to present the renormalization structure of (57) in 2 + ǫ dimensions
and in particular the corresponding renormalization group equations. The very remarkable point that
gives sense to this study is the fact that the theory (57) (unlike Einstein gravity [19, 20, 21, 22, 23]) has
a smooth limit for ǫ → 0. This property allows for the possibility to study the behavior of (57) in 2 + ǫ
dimensions by simply using the counterterms calculated already in 2 dimensions —in close analogy with
quantum field theory in frames of the ǫ-expansion technique (for a review see [32] and [33, 34]).
Action (57) may be rewritten in another form. First, motivated by the form of the string effective
action, we choose the dilatonic couplings in (57) as the exponents of convenient dilatonic functions. Using
the rigid rescaling of scalars and vectors:
χi −→ a1χi, Aµ −→ a2Aµ, (58)
with a1 and a2 constants, one can always normalize the dilatonic couplings in such a manner that
f(0) = 1, f1(0) = 1. (59)
Second, as has been done in refs. [10, 6], we can also use a local Weyl transformation of the metric of
the form
gµν −→ e−2σ(φ) gµν , (60)
in order to simplify the dilatonic sector of (57). In particular, one can use (60) of a specific form such
that Z(φ) = 0. Finally, we can perform a transformation of the dilaton field in order to simplify the
function C(φ), namely to reduce it to the form C(φ) = e−2φ. With all this taken into account, the action
(57) can be written as follows
S =
∫
ddx
√−g
[
µǫ
16πG
Re−2φ − 1
2
gµν∂µχi∂νχ
ie−2Φ(φ) + µǫm2e−V (φ) +
1
4
e−f2(φ)F 2µν
]
, (61)
being µ a mass parameter and where we have chosen the dilatonic couplings so that Φ(0) = f2(0) =
V (0) = 0. The first two terms in (61) correspond to the dilatonic gravity action in ref. [28], which was
considered in 2 + ǫ dimensions. With our choice of (61) the zero modes of the dilatonic couplings are
fixed with the help of reference operators in the gravitational sector [28] and with the renormalization
(by constants) of the scalar, vector, and mass m2 in the matter sector.
We can now present short resume of the divergences of the action (61). The study of the one-loop
divergences of dilatonic gravity in the covariant formalism, initiated in refs. [4, 5], has been continued in
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refs. [10, 6, 14, 11]. We do not consider it necessary to repeat the details of such a calculation for the
case of the model (61), see for more details, the previous section. The gauge-fixing conditions that are
most convenient to use are the following. The covariant gauge-fixing action is
Sgf = − µ
ǫ
32πG
∫
ddx
√−g gµνχµχνe−2φ, (62)
where
χµ = ∇ν h¯µν + 2∇µϕ (63)
and h¯µν is a traceless quantum gravitational field and ϕ a quantum scalar field, in the background field
method. In the electromagnetic sector the gauge-fixing action is chosen as
SL =
∫
ddx
√−g (∇µQµ)2e−f2(φ), (64)
where Qµ is a quantum vector field. Notice that for the background fields we use the same notations as
for the classical fields in (61).
The calculation of the one-loop effective action corresponding to (61) in the gauges (62) and (64) can
be performed in close analogy with the one in refs. [14, 16]. This is reviewed in previous section. Owing
to the smooth behavior of (61) for ǫ → 0, the divergences of (61) can be also calculated in exactly two
dimensions, which will also provide the result for 2 + ǫ dimensions:
Γdiv =
1
4πǫ
∫
ddx
√−g
{
30− n
6
R+m2e2φ−V (φ)16πG[2 + V ′(φ)]
−gµν∂µφ∂νφ[8− nΦ′(φ)2] + 4πG
µǫ
e2φ−f2(φ)F 2µν [f
′
2(φ)− 2]
}
, (65)
where ǫ = d− 2. As usually off-shell it is gauge dependent.
We turn to the study of the RG corresponding to our model in 2 + ǫ dimensions. The main idea of
the whole approach is to use G as the coupling constant in perturbation theory and work at some fixed
power of G. The counterterm follows from (65)
Γcount = −µǫ
∫
ddx
√−g
[
RA1(φ) + g
µν∂µφ∂νφA2(φ) +m
2A3(φ) +
µ−ǫ
4
F 2µνA4(φ)
]
, (66)
where
A1(φ) =
30− n
24πǫ
≡ A1, A2(φ) = 1
4πǫ
[nΦ′(φ)2 − 8],
A3(φ) =
4G
ǫ
[2 + V ′(φ)]e2φ−V (φ) ≡ e−V (φ)A˜3(φ),
A4(φ) =
4G
ǫ
[f ′2(φ)− 2]e2φ−f2(φ) ≡ e−f2(φ)A˜4(φ). (67)
Renormalization is now performed in the standard way
S = Scl + Scount =
∫
ddx
√−g
[
1
16πG0
Re−2φ0 − 1
2
gµν0 ∂µχ0i∂νχ
i
0e
−2Φ0(φ0)
+µǫm20e
−V0(φ0) +
1
4
e−f02(φ0)gµα0 g
νβ
0 F0µνF0αβ
]
. (68)
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The renormalization transformations can be defined as follows
φ0 = φ+ f(φ), g0µν = gµνe
−2Λ(φ), Φ0(φ0) = Φ(φ) + F (φ), V0(φ0) = V (φ) + FV (φ),
f02(φ0) = f2(φ) + Ff (φ), χ0i = Z
1/2
χ χ, A0µ = Z
1/2
A Aµ, m
2
0 = Zmm
2. (69)
The functions Λ, f , F ,... are chosen so that Λ(0), f(0), F (0),... can be set equal to zero. Substituting the
renormalization transformations (69) into the renormalized action (68) (in close analogy with ref. [28]),
we obtain
S0 =
∫
ddx
√−g
{
1
16πG0
Re−2φ−2f(φ)−ǫΛ(φ)
+
ǫ+ 1
16πG0
[4Λ′(φ) + ǫΛ′(φ)2 + 4f ′(φ)Λ′(φ)]e−2φ−2f(φ)−ǫΛ(φ)gµν∂µφ∂νφ
−1
2
Zχg
µν∂µχi∂νχ
ie−2Φ(φ)−2F (φ)−ǫΛ(φ) + µǫm2Zme−V (φ)−FV (φ)−(2+ǫ)Λ(φ)
+
ZA
4
e−f2(φ)−Ff (φ)+(2−ǫ)Λ(φ)F 2µν
}
. (70)
From here, one can easily obtain
1
16πG0
e−2φ−2f(φ)−ǫΛ(φ) = µǫ
(
1
16πG
e−2φ −A1
)
,
ǫ+ 1
16πG0
[4Λ′(φ) + ǫΛ′(φ)2 + 4ǫf ′(φ)Λ′(φ)]e−2φ−2f(φ)−ǫΛ(φ) = −µǫA2(φ),
Zχe
−2Φ(φ)−2F (φ)−ǫΛ(φ) = e−2Φ(φ), ZAe−f2(φ)−Ff (φ)+(2−ǫ)Λ(φ) = e−f2(φ)[1− A˜4(φ)],
Zme
−V (φ)−FV (φ)−(2+ǫ)Λ(φ) = e−V (φ)[1− A˜3(φ)]. (71)
Working to leading order in G (notice that the functions f , Λ, F ,..., Ff are of first order in G), we may
follow ref. [28] and obtain the renormalized parameters as
G−10 = µ
ǫ(G−1 − 16πA1), Zχ = 1, Λ(φ) = − 4πG
ǫ+ 1
∫ φ
0
dφ′ e2φ
′
A2(φ
′), ǫΛ(φ) = −2F (φ),
f(φ) = 8πA1G(e
2φ − 1) + 2πǫG
ǫ+ 1
∫ φ
0
dφ′ e2φ
′
A2(φ
′), ZA = 1−A4(0), Zm = 1−A3(0),
Ff (φ) = (2 − ǫ)Λ(φ) + A˜4(φ) − A˜4(0), FV (φ) = −(2 + ǫ)Λ(φ) + A˜3(φ)− A˜3(0). (72)
Hence, we see that the zero modes of the functions f , f2 and V are indeed controlled by a constant
renormalization of the vector, the scalar and the mass.
We can now present the beta functions. We will list below only the ones corresponding to the dilatonic
couplings and gravitational constant
βG = µ
∂G
∂µ
= ǫG− 16πǫA1G2, µ∂Λ(φ0)
∂µ
= −4πǫG
ǫ+ 1
∫ φ
0
dφ′ e2φ
′
A2(φ
′),
βΦ(φ0) = µ
∂Φ(φ0)
∂µ
= 8πǫA1G(e
2φ0 − 1)Φ′(φ0) + 2πǫ
2G
ǫ+ 1
[Φ′(φ0)− 1]
∫ φ0
0
dφ′ e2φ
′
A2(φ
′),
βf2(φ0) = µ
∂f2(φ0)
∂µ
= 8πǫA1G(e
2φ0 − 1)f ′2(φ0)
+
2πǫG
ǫ+ 1
[ǫf ′2(φ0) + 2(2− ǫ)]
∫ φ0
0
dφ′ e2φ
′
A2(φ
′)− ǫ[A˜4(φ0)− A˜4(0)],
16
βV (φ0) = µ
∂V (φ0)
∂µ
= 8πǫA1G(e
2φ0 − 1)V ′(φ0)
+
2πǫG
ǫ+ 1
[ǫV ′(φ0)− 2(2 + ǫ)]
∫ φ0
0
dφ′ e2φ
′
A2(φ
′)− ǫ[A˜3(φ0)− A˜3(0)]. (73)
Similarly, one can obtain the γ-functions for the fields and mass parameter, which are however of less
importance, due to the fact that they correspond to non-essential couplings. Notice also that the only
conformal mode of the gravitational field is renormalized in 2 + ǫ dimensions, which is quite well known
[19, 20, 21, 22, 23, 28].
The β-function for the gravitational constant has the form (73)
βG = ǫG− 2(30− n)
3
G2. (74)
Hence, for n < 30 one obtains the infrared stable fixed point G = 0. There is also an ultraviolet stable
fixed point as in [19, 20, 21, 22, 23]
G∗ =
3ǫ
2(30− n) . (75)
The theory is UV-stable (asymptotically free at exactly two dimensions).
One can start the search for fixed-point solutions corresponding to the dilatonic couplings. There is
following Ansatz:
Φ(φ) = λφ, f2(φ) = λfφ, V (φ) = λV φ. (76)
In that case the β-functions are simplified:
βΦ = G(e
2φ − 1)
[
30− n
3
λ+
ǫ
4(1 + ǫ)
(λ− 1)(nλ2 − 8)
]
,
βf2 = G(e
2φ − 1)
[
30− n
3
λf +
nλ2 − 8
4(1 + ǫ)
(ǫλf + 4− 2ǫ)− 4λf + 8
]
,
βV = G(e
2φ − 1)
[
30− n
3
λV +
nλ2 − 8
4(1 + ǫ)
(ǫλV − 4− 2ǫ)− 4λV − 8
]
. (77)
Equating these β-functions to zero we easily get the fixed-point solutions:
λ∗ = − 6ǫ
30− n +O(ǫ
2), (78)
λ∗f = −
36ǫ
18− n +O(ǫ
2), λ∗V =
12ǫ
18− n +O(ǫ
2). (79)
The fixed-point solutions (79) are of the same nature as solution (78). Notice, however, that the de-
nominator in (79) is different from the denominator for the case of a purely dilatonic sector (78). For
the existence of the solutions (79) a new limitation appears: n 6= 18. Under a discontinuous transition
through the point n = 18, the sign of the fixed points in (79) changes.
It is interesting to see in which way the model (61) can be rewritten at the fixed point. In particular,
we will perform a Weyl rescaling (it is non-singular) in the manner suggested in ref. [28]
gµν −→ gµν exp
(
4λ∗
ǫ
φ
)
. (80)
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Then, the classical action becomes
S =
∫
ddx
√−g
{
µǫ
16πG∗
e−2(1−λ
∗)φ
[
R− 4(1 + ǫ)
ǫ
λ∗(2− λ∗)
]
gµν∂µφ∂νφ
−1
2
gµν∂µχi∂νχ
i + µǫm2e(2λ
∗+4λ∗/ǫ−λ∗V )φ +
1
4
F 2µνe
(2λ∗−4λ∗/ǫ−λ∗f )φ
}
. (81)
As one can see from expression (81), without the electromagnetic sector and setting m2 = 0, it describes
the CGHS action [35] (at the limit ǫ→ 0 it is finite and scalars become non-interacting with the dilaton).
As it stands, action (81) is of a similar form as dilaton-Maxwell gravity [36, 37, 16] with the Liouville
potential. Notice that such kind of dilaton-Maxwell gravity (which can also be considered as a charged
string-inspired model [36, 37, 38]) admits charged black hole solutions with multiple horizons, being in
this sense analogous to four or higher-dimensional Einstein-Maxwell theories [39, 40]. Different forms of
dilatonic gravity can be easily obtained too, by transforming the metric and the dilaton.
One can study the stability of the fixed points (75), (78), (79), along the same lines as in ref. [28].
Such analysis may be found in ref.[30]. It shows that above fixed points may be stable along some RG
trajectories. The gauge dependence analysis of above fixed points has been also done in ref.[30, 31]. It
follows from this analysis that gravitational constant in UV fixed point is gauge independent.
In this section we discussed dilatonic-Maxwell gravity with matter near two dimensions. The nice
properties of this theory are: (i) its renormalizability in 2 + ǫ dimensions, (ii) The fact that there is a
non-trivial fixed-point solution for the dilatonic couplings and that, at the fixed point, the theory may be
represented in the standard form of the string-inspired models. (iii) The increase of the upper limit for
the matter central charge —due to the contribution of the vector field— from 24 (pure dilatonic gravity)
or 25 (Einstein gravity) to 30. More realistic models (like dilaton-Yang-Mills gravity) may be considered
in a similar way [30, 31], as well as supergravity models [41]. It is also interesting that such models can
be formulated as string theory.
Note that 2+ǫ-approach to quantum gravity did not finally succeeded to solve completely renormaliz-
ability issue of the quantum gravity in the usual sense. As a result the interest to this approach is minor
now, it awaits until some new and fresh ideas will appear.
2.4 One-loop effective action in 4d higher derivative dilatonic gravity
In the present section we show how one can generalize the discussion of one-loop effective action for 4d
dilatonic gravity. Supposing that 4d dilaton is still dimensionless we naturally come to higher derivative
theory of sigma-model type which is again renormalizable in a generalized sense. The most general form
of such action looks like
S =
∫
d4x
√−g{b1(ϕ)(✷ϕ)2 + b2(ϕ) (∇µϕ) (∇µϕ)✷ϕ+ b3(ϕ)[(∇µϕ)(∇µϕ)]2
+b4(ϕ)(∇µϕ)(∇µϕ) + b5(ϕ) + c1(ϕ)R(∇µϕ)(∇µϕ) + c2(ϕ)Rµν(∇µϕ)(∇νϕ)
+ c3(ϕ)R✷ϕ+ a1(ϕ)R
2
µναβ + a2(ϕ)R
2
µν + a3(ϕ)R
2 + a4(ϕ)R}+ (s.t.), (82)
where s.t. means ‘surface terms’. All generalized coupling constants are dimensionless, except for b4, b5
and a4, for which we have: [b4(ϕ)] = 2, [b5(ϕ)] = 4, [a4(ϕ)] = 2.
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It is interesting to notice that, at the classical level and for some particular choices of the generalized
couplings, the action (82) may be viewed, in principle, as a superstring theory effective action —the
only background fields being the gravitational field and the dilaton. The calculation of one-loop effective
action may be done using similar algorithm as in 2d case (only some technical details are a bit more
involved). Considering only case when dilaton is quantized and gravity is classical, one can get [42]
Γ
(1−loop)
div = −
2
ε
∫
d4x
√−g[A1R2αβγτ +A2R2αβ +A3R2 +A4Rm2
+C1R(∇µϕ)2 + C2Rµν(∇µϕ)(∇νϕ) + C3R(✷ϕ)
+B1(✷ϕ)
2 +B2(∇µϕ)2(✷ϕ) +B3(∇µϕ)4 +B4m2(∇µϕ)2 +B5m4], (83)
where functions A1, · · ·, B5 are explicitly given in ref. [42].
Since the theory is renormalizable, one can formulate the renormalization group equations for the
effective action and couplings and then explore its asymptotic behavior. The renormalization group
equations for the effective action have the standard form, since the number (finite or infinite) of coupling
constants is not essential. The general solution of this RG equation has the form
Γ[e−2tgαβ , ai, bj, ck, µ] = Γ[gαβ, ai(t), bj(t), ck(t), µ], (84)
where µ is the renormalization parameter and the effective couplings satisfy renormalization group equa-
tions of the form
dai(t)
dt
= βai , ai = ai(0),
dbi(t)
dt
= βbi , bi = bi(0),
dci(t)
dt
= βci , ci = ci(0). (85)
Note that we do not take into account the dimensions of the functions a4, b4, b5. The derivation of the
β-functions is pretty the same as in theories with finite number of couplings, and we easily get
βai = −(4π)−2Ai, βbi = −(4π)−2Bi, βci = −(4π)−2Ci. (86)
The analysis of corresponding RG equations may be found in ref.[42].
As an example, one can consider the most general conformally-invariant version of the theory (82):
Sc =
∫
d4x
√−g
{
f(ϕ)ϕ∇4ϕ+ q(ϕ)C2µναβ + p(ϕ) [(∇µϕ) (∇µϕ)]2
}
. (87)
Here f(ϕ), q(ϕ) and p(ϕ) are arbitrary functions, ∇4 = ✷2+2Rµν∇µ∇ν− 23R✷+ 13 (∇µR)∇µ is a fourth-
order conformally invariant operator, and we should recall that due to the fact that [ϕ] = 0 the conformal
transformation of our 4d dilaton is trivial. One can integrate by parts the rhs in (87) and present the result
as a particular case of the theory (82). As one can show, the divergences of the conformally-invariant
theory (87) appear also in a conformally invariant form (up to the total divergence), as it should be. The
functions A(ϕ), B(ϕ), C(ϕ) obey the same conformal constraints with some F (ϕ), Q(ϕ), P (ϕ) instead
of f(ϕ), q(ϕ), p(ϕ). Hence, the conformal invariant, higher-derivative scalar theory considered here is
renormalizable at the one-loop level in a conformally invariant way, and therefore it is multiplicatively
renormalizable at one-loop.
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Using explicit one-loop effective action one can search for finite and anomaly free models (via condition
that one-loop EA is zero). One can also study renormalization group equations: theory under consider-
ation possesses finite fixed points and interesting flows between these fixed points [42]. We do not give
this analysis here (while it may have some applications for construction of infrared sector of quantum
gravity [43, 44, 45]). Thus, to conclude one sees that perturbative renormalization of 4d dilatonic gravity
is possible but its detailed analysis looks much more complicated than 2d case.
In summary, in this chapter we discussed the questions related with the calculation of one-loop
effective action in 2d and 4d dilatonic gravity . It is also applied to study the model under discussion
near two dimensions via epsilon-expansion. One can also consider applications of these effective actions
for cosmology and observable consequences of gravity, like dilatonic contributions to Newton potential,
construction of non-singular Universes (see chapter 5), etc.
3 Conformal anomaly and induced effective action for dilaton
coupled theories
In the present chapter we will discuss in detail conformal anomaly and induced EA for dilaton coupled
theories in two and four dimensions. The remarkable property of such EA is the fact that it will be given
for arbitrary dilaton-gravitational background. As a result, it will be possible to apply it in different
problems of BH physics and early Universe.
3.1 2d dilaton coupled scalar and quantum dilaton: conformal anomaly and
induced action
In this section following to refs.[46, 47], we show how to get conformal anomaly and anomaly induced
EA for 2d dilaton coupled scalar with the help of results reported in second chapter.
Let us start from the following action:
S =
∫
d2x
√
g
{
−1
2
Z(φ)gµν∂µφ∂νφ+
1
2
f(φ)gµν∂µχi∂νχi
}
(88)
where φ is dilaton, Z, f are the arbitrary dilaton functions, χ is scalar field, i = 1, · · · , N . Here dilaton
and scalars are quantum fields and gravitational field is considered to be external field. It is easy to show
that such theory is conformally invariant in two dimensions.
We work with non-zero background dilaton and non-zero background scalar. The calculation of the
one-loop effective action for such system has been done in all details in previous chapter. The result looks
as follows (36) (see ref.[14]):
Γdiv = − 1
4π(n− 2)
∫
d2x
√
g
{
−N + 1
6
R+
(
f ′2
2fZ
− f
′′
2Z
)
(∇λχi)(∇λχi)
+
(
Nf ′′
2f
− Nf
′2
4f2
− Z
′2
4Z2
)
(∇λφ)(∇λφ) +
(
Nf ′
2f
− Z
′
2Z
)
∆φ
}
(89)
Here φ, χi denote the dilaton and scalar background correspondently.
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Let us give very brief introduction to the definition of conformal anomaly in two dimensions. It
appears as result of quantum breaking (due to regularization) of classical conformal invariance. Hence, it
is induced only by quantum effective action. From the definition of quantum energy-momentum tensor
for the system which is classically conformally invariant one gets the following:
T =
1√
g
gµν
δΓ
δgµν
. (90)
This defines conformal anomaly (expectation value of trace of stress-energy tensor). Making the conformal
transformation
gµν → Ω2gµν ≡ g¯µν (91)
one can rewrite the conformal anomaly as
T =
Ω√
g
δΓ
δΩ
∣∣∣∣
Ω=1
. (92)
Working in the one-loop approximation and reminding that classical action does not give the contribution
to conformal anomaly (92) one understands that whole contribution to Eq.(92) is due to Tr log terms.
From Eq.(15) one knows that
Γ¯(1) =
i
2
Tr ln
{
µ2S2
}
(93)
where dimensional parameter µ2 is explicitly introduced to make S2 dimensionless. Under the conformal
transformation the one-loop effective action becomes (the case of conformal scalar is considered for
simplicity):
Γ¯(1) [g¯µν ] =
i
2
Tr log
{
µ2Ω2S2
}
. (94)
Then
T =
Ω√
g
δΓ¯(1)
δΩ
∣∣∣∣
Ω=1
=
µ(x)√
g
δΓ¯(1)
δµ(x)
∣∣∣∣
µ=1
. (95)
Let us take into account that µ-dependent part of Γ¯(1) may be presented as follows (see [48])
Γ¯(1) =
∫
d2x
√
ga1(x)
1
2
lnµ2 + · · · (96)
where as · · ·, we denote the dimensional parameter µ-independent terms. Then Eq.(96) is actually zeta-
regularization representation of the one-loop effective action. Hence,
T = a1(x) . (97)
This a1(x)-coefficient of Schwinger-DeWitt expansion appears also in the calculation of one-loop divergent
part of effective action in dimensional regularization. Hence, multiplying Γdiv to n − 2 and dropping
integral one gets two-dimensional conformal anomaly. Similarly, in four dimensions T is defined by a2-
coefficient of Schwinger-De Witt expansion. Note that in such representation of conformal anomaly there
may be some ambiguity due to the fact that Schwinger-De Witt coefficients a1, a2, · · · are defined up
to the total derivatives terms. (To solve this problem one should not use the integration by parts in
the derivation of Γdiv in Schwinger-De Witt algorithm. This is the case in our calculation!). The good
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algorithm to define the conformal anomaly in universal way is given in ref.[49], where also the problems
with total derivative terms in conformal anomaly do not appear.
Thus, one can easily get the conformal anomaly of conformally invariant system just by calculating
the corresponding divergent EA multiplied to (n − 2) in 2 dimensions (in other words, as coefficient of
the pole). Hence, the conformal anomaly of the system under discussion is given by [46]
T =
1
24π
{
(N + 1)R− 3
(
f ′2
fZ
− f
′′
Z
)
(∇λχi)(∇λχi)
−3
(
Nf ′′
f
− Nf
′2
2f2
− Z
′2
2Z2
)
(∇λφ)(∇λφ)− 3
(
Nf ′
f
− Z
′
Z
)
∆φ
}
(98)
For purely scalar system coupled with dilaton (i.e. dilaton is classical) the conformal anomaly is simplified:
T =
1
24π
{
NR− 3N
(
f ′′
f
− f
′2
2f2
)
(∇λφ)(∇λφ)− 3Nf
′
f
∆φ
}
(99)
Anomaly looks very simple in the special case N = 1 (single scalar) . The calculation of such conformal
anomaly has been done in the last case, using zeta-regularization method in ref.[50]. Note that the
regularization dependence of total derivative terms in conformal anomaly is possible. Thus we got the
conformal anomaly for most general 2d dilaton coupled scalar-dilaton system with arbitrary dilaton
couplings. Similar calculations have been also made in refs.[51, 52, 53, 54, 55, 56] for dilaton coupled
scalars. Using the conformal anomaly (see eq.(98)), we may calculate the induced non-local EA.
Let us write the general form of conformal anomaly as following
T = cR+ F1(φ)(∇λχi)(∇λχi) + F2(φ)(∇λφ)(∇λφ) + F3(φ)∆φ (100)
where the explicit form of c, F1, F2, F3 is evident from the comparison with (99):
c =
N + 1
24π
, F1(φ) = − 1
8π
(
f ′2
fZ
− f
′′
Z
)
,
F2(φ) = − 1
8π
(
Nf ′′
f
− Nf
′2
2f2
− Z
′2
2Z2
)
, F3(φ) = − 1
8π
(
Nf ′
f
− Z
′
Z
)
. (101)
In situation when dilaton is purely classical the above functions are simplified. The (non-local) effective
action induced by the conformal anomaly is defined as∫
d2x
√
gT = 2
dW
dt
∣∣∣∣
t=1
(102)
where g˜µν = t−1gµν . In other words, the effective action (102) should derive the anomaly T . Integrating
anomaly one gets
W = −1
2
∫
d2x
√
g
[ c
2
R
1
∆
R+ F1(φ)(∇λχi)(∇λχi) 1
∆
R
+
(
F2(φ) − ∂F3(φ)
∂φ
)
∇λφ∇λφ 1
∆
R+R
∫
F3(φ)dφ
]
(103)
The remarkable property of this action is that it is defined for arbitrary dilaton-gravitational background.
Note, however, that such action is not yet full effective action. The reason is that it is calculated from
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Eq.(102) as integral from conformal anomaly. Hence, it is defined up to t-dependent (conformal factor
dependent) constant, or in other words, up to conformally invariant functional.
There is no scheme where one can find such conformally invariant functional in closed form. At
best, one can use some kind of approximation to calculate it. Hence, exact and complete expression for
one-loop EA looks as
Γ =W + Γ [1, g˜µν ] (104)
where second term is conformally invariant functional. We mention briefly how one can get it. Using SD
expansion, in the case of classical dilaton and only quantized scalars, one gets [57]
Γ [1, g˜µν ] = −N
4π
∫
d2x
√
g (∇µφ) (∇µφ) lnµ2 (105)
where numerical factor in front of integral does not matter, as it may be reabsorbed to definition of µ2.
Other, non-local terms of this expansion have been recently calculated in ref.[58].
3.2 Dilaton coupled spinor conformal anomaly in two dimensions
In the present section, we give another (simpler) method [59] to find conformal anomaly for dilaton
coupled spinor. Unfortunately, it cannot be applied to other theories.
Let us start from 2d dilaton coupled spinor Lagrangian:
L =
√−gf(φ)ψ¯γµ∂µψ (106)
where ψ is 2d Majorana spinor.3
Let us make now the following classical transformation of background field gµν : gµν → f−2(φ)g˜µν .
Then it is easy to see that γµ(x) → f(φ)γ˜µ(x) and in terms of new classical metric we obtain usual,
non-coupled with dilaton (minimal) Lagrangian for 2d spinor:
L =
√
−g˜ψ¯γ˜µ∂µψ . (107)
The conformal anomaly for Lagrangian (107) is well-known:√
−g˜T =
√−g˜
24π
{
1
2
R˜
}
. (108)
Now, transforming Eq.(108) to original variables: g˜µν = f
2(φ)gµν , R˜ = f
−2(φ) (R− 2∆ ln f), we get the
following conformal anomaly for dilaton coupled Majorana spinor (106):
√−gT =
√−g
24π
[
1
2
R−∆ ln f
]
=
√−g
24π
1
2
R− f
′
f
∆f −
(
f ′′f − f ′2
)
f2
gµν∂µφ∂νφ
 . (109)
3As we see below in the present formalism where only notations for classical external fields are changed the dilatonic
contribution to conformal anomaly appears. This contribution has the form of total derivative term. In ref.[56] using
transformations of quantum fields,Fujikawa regularization and the proper choice of integration measure the calculation of
dilaton dependent contribution to conformal anomaly gives zero. This fact maybe regarded as the regularization dependence
of conformal anomaly. It is not strange as it is known for some time that total derivative terms of conformal anomaly in
various dimensions may depend on the choice of regularization. Moreover, in dilaton dependent SUSY theories like super
YM coupled with conformal supergravity (where dilaton presents) the fact of the presence of dilaton dependent terms in
conformal anomaly is proven by various formalisms. It indicates that from SUSY point of view the measure of integration
in functional space which leads to non-trivial dilaton dependent term in conformal anomaly looks more physical.
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For 2d dilaton coupled Dirac spinor the conformal anomaly is twice of that for Majorana spinor. Note
also that it could be as in case of dilaton coupled scalar, conformal anomaly (its total derivative terms)
depends on the regularization.
In the conformal anomaly (109) dilaton dependent terms appear in the form of total derivative. In
principle, it means that this term is ambiguous by physical reasons. Indeed, in two dimensions the
analogue of Einstein action looks like:
S =
1
G
∫
d2x
√−gRf(φ) . (110)
Now, there exists the following relation
gµν
δ
δgµν
∫
d2x
√−gRf(φ) = ∆f(φ) . (111)
In other words, by finite renormalization of gravitational action (110), we can always change the coefficient
of ∆f term in conformal anomaly. So in 2d gravity this term is only fixed by the physical renormalization
condition. That is also why total derivative term of conformal anomaly for dilaton coupled scalar is
ambiguous.
Now we discuss the anomaly induced effective action for dilaton coupled spinor. The derivation goes
in the same way as it was for dilaton coupled scalar. Making the conformal transformation of the metric
gµν → e2σgµν in the conformal anomaly, and using relation
√−gT = δ
δσ
W [σ] (112)
one can find the anomaly induced effective action W . In the covariant, non-local form it may be written
as following:
W = −1
2
∫
d2x
√−g
{
1
96π
R
1
∆
R +
(
F2(φ) − ∂F3(φ)
∂φ
)
(∇λφ)(∇λφ) 1
∆
R+R
∫
F3(φ)dφ
}
(113)
where F2(φ) = − f
′′f−f ′2
24πf2 , F3(φ) = − f
′
24πf . Note that coefficient of second term is actually zero as is easy
to check. Hence, we got anomaly induced effective action for dilaton coupled spinor.
An interesting thing is that the effective action (113) exactly reproduces the effective action of RST
model [99], which is exactly solvable. The RST model is given by adding the quantum correction
WRST = −1
2
∫
d2x
√−g
{
N
48π
R
1
∆
R+
N
24π
φR
}
(114)
to the action of the CGHS model [35]
SCGHS =
1
2π
∫
d2x
√−ge−2φ (R + 4∇µφ∇µφ+ 4λ2) . (115)
In [99], the second term in WRST (114) is added by hands.
It is interesting that full EA is again defined with accuracy up to conformally invariant functional. To
conclude this section let us note that in calculation of EA for consistent 2d dilatonic gravity with matter
one needs also quantum gravitational contribution. However, dilatonic gravity is not renormalizable in
the standard way as it was shown in previous chapter. As a result finite contributions to effective action
will depend on regularization scheme under discussion.
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3.3 Induced effective action for 4d dilaton coupled scalar
It could be interesting to generalize the results of previous sections for 4d case. The purpose of the
present section will be to calculate the non-local effective action for 4d dilaton coupled conformal scalar
[47]. Let us consider the theory with the following Lagrangian in curved spacetime
L =
√−gϕf(φ)(✷ − ξR)ϕ (116)
where ϕ is quantum scalar field, ✷ = gµν∇µ∇ν , φ is an external field (dilaton), f(φ) is an arbitrary
function. It is very easy to check that the theory (116) is conformally invariant for ξ = 16 .
Let us calculate the divergent part of the effective action for the theory (116):
Γdiv = − i
2
Tr ln
{
f(φ)
[
✷− ξR+ ✷f(φ)
2f(φ)
+
(∇µf(φ))
f(φ)
∇µ
]}
=
1
(n− 4)
∫
d4x
√−gb4 (117)
where b4 (or a2) is the b4-coefficient of Schwinger-De Witt expansion. Applying standard methods, we
find b4 explicitly, where f(φ)-multiplier in Eq.(117) does not contribute. For ξ =
1
6 , we get the conformal
anomaly which is equal to b4
T =
1
(4π)2
{ 1
32
[(∇f)(∇f)]2
f4
+
1
24
✷
(
(∇f)(∇f)
f2
)
+
1
180
(
R2µναβ −R2µν +✷R
)}
(118)
Here, the last term is the well-known Weyl anomaly (for a review, see [1, 60]) for conformally invariant
scalar. The first two terms in (118) are the dilaton contribution to conformal anomaly.
Let us write the Eq.(118) in a slightly different form:
T =
{
b
(
F +
2
3
✷R
)
+ b′G+ b′′✷R+ a1
[(∇f)(∇f)]2
f4
+ a2✷
(
(∇f)(∇f)
f2
)}
(119)
where F is the square of Weyl tensor in four dimensions, G is Gauss-Bonnet invariant. For scalar field,
it follows from (118) that b = 1120(4π)2 , b
′ = − 1360(4π)2 , a1 = 132(4π)2 , a2 = 124(4π)2 and in principle b′′ is
an arbitrary parameter (it may be changed by the finite renormalization of local counterterm).
The non-local effective action induced by the conformal anomaly (without dilaton) has been calculated
sometime ago [61]. Using Eq.(112) and integrating it, one can restore the non-local effective action W
induced by the conformal anomaly:
W = b
∫
d4x
√−gFσ + b′
∫
d4x
√−g
{
σ
[
2✷2 + 4Rµν∇µ∇ν − 4
3
R✷+
2
3
(∇µR)∇µ
]
σ
+
(
G− 2
3
✷R
)
σ
}
− 1
12
(
b′′ +
2
3
(b+ b′)
)∫
d4x
√−g [R − 6✷σ − 6(∇σ)(∇σ)]2
+
∫
d4x
√−g
{
a1
[(∇f)(∇f)]2
f4
σ + a2✷
(
(∇f)(∇f)
f2
)
σ
+a2
(∇f)(∇f)
f2
[(∇σ)(∇σ)]
}
(120)
Here the σ-independent term is dropped, last terms represent the contribution from the dilaton dependent
terms in conformal anomaly. It is interesting that dilatonic contribution may be important in the study
of quantum irreversibility [62].
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3.4 Conformal and chiral anomaly for 4d dilaton coupled spinor
We consider now 4d dilaton coupled fermion which may appear as the result of spherical reduction
of higher dimensional minimal spinor (we follow to ref.[59]). The corresponding conformally invariant
Lagrangian may be taken as follows 4 :
L =
√−gf(φ)ψ¯γµ(x)∇µψ (121)
where ∇µ = ∂µ + 12ωabµ σab.
Let us make the following transformation of background gravitational field:
gµν = e
2σ(x)g˜µν , γ
µ(x) = e−σ(x)γ˜µ(x) ,
√−g = e4σ(x)
√
−g˜ . (122)
where σ(x) satisfies e3σ(x)f(φ) = 1. Then, Lagrangian (121) after transformation (122) takes the form:
L =
√
−g˜
[
ψ¯γ˜µ(x)∇˜µψ + ψ¯γ˜µA˜µψ
]
(123)
where we used ∂µ ≡ ∂˜µ and A˜µ = 32∂µσ(x). Note that field strength for above vector field is equal to
zero, that is why no terms of the sort : square of field strength for above vector appear in conformal
anomaly. Hence, the calculation of a2 Schwinger-De Witt coefficient in theory (121) in curved spacetime
with nontrivial dilaton is equivalent to the calculation of a2 in an external gravitational field g˜µν (but
no dilaton) and external vector field A˜µ. Conformal anomaly for such quantum (Dirac) fermion is well-
known: √−g˜
(4π)2
{
1
20
(
F˜ +
2
3
✷˜R˜
)
− 11
360
G˜
}
(124)
where F˜ = R˜µναβR˜
µναβ − 2R˜µνR˜µν + 13 R˜2, G˜ = R˜µναβR˜µναβ − 4R˜µνR˜µν + R˜2. One can also present
coefficients of conformal anomaly as b = 120(4π)2 and b
′ = − 11360(4π)2 . Now, one can transform the relation
(124) back to original metric tensor. It is easy to see that there are dilaton dependent contributions
to conformal anomaly. One can also find anomaly induced effective action. Starting from Eq.(124) for
conformal anomaly in terms of tilded metric the corresponding anomaly induced action in this case is
quite known (see [61, 63, 64, 43, 44]):
W = − 1
4b′
∫
d4x
√
−g˜
∫
d4x′
√
−g˜′
[
bF˜ + b′
(
G˜− 2
3
✷˜R˜
)]
x
×
[
2✷˜2 + 4R˜µν∇˜µ∇˜ν − 4
3
R˜✷˜+
2
3
(
∇˜µR˜
)
∇˜µ
]−1
xx′
×
[
bF˜ + b′
(
G˜− 2
3
✷˜R˜
)]
x′
− 1
18
(b+ b′)
∫
d4x
√
−g˜R˜2 . (125)
It is trivial to substitute metric g˜µν = e
−2σgµν , σ = − 13 ln f(φ) and rewrite above equation in terms of
original metric and dilaton function but the final result is a bit complicated.
4As we mentioned in section 3.2 in the present formalizm where no transformations of quantum fields is done we get the
dilaton dependent contribution to conformal anomaly. Such dilaton dependent contribution to conformal anomaly looks
very natural from SUSY point of view. In ref.[56] in terms of Fujikawa regularization the other answer has been obtained.
The difference in two answers maybe regarded as regularization dependence of conformal anomaly.
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As final remark, we note that similarly one can calculate the chiral anomaly for dilaton coupled spinor.
Chiral anomaly for theory (123) is known [65, 66, 67]:
A 1
2
=
2i
(4π)2
[
− 1
48
ǫµνρσR˜ξζµνR˜
ζ
ξρσ
]
=
2i
(4π)2
[
− 1
48
ǫµνρσ
{
RξζµνR
ζ
ξρσ − 16Rξρµν∇σ∇ξσ
−16Rξρµν∇σσ∇ξσ − 8Rµνρσ∇α∇ασ
}]
. (126)
Hence we found explicitly dilaton dependent corrections for chiral and conformal anomaly in the theory
of 4d dilaton coupled spinor.
3.5 Conformal anomaly for 4d dilaton coupled vector field
In the study of string theory the low energy 4d string effective action may be presented as following
S =
∫
d4x
√−g [R+ 4(∇φ)2 + F 2µν] e−2φ (127)
where φ is dilaton, Fµν = ∇µAν − ∇νAµ, Aµ is electromagnetic field. Investigating of string gravity
(127) the quantum effects of electromagnetic field with the lagrangian:
L = −1
4
f(φ)FµνF
µν (128)
may be dominant in some regions,especially if we consider generalization of above model with N vectors
and apply large N expansion. From another point if we start from usual Einstein-Maxwell gravity in
d-dimensions, we can do spherical reduction to the space R4 × Sd−4 where R4 is an arbitrary curved
space. Then the reduced action becomes again of the form (127) (maybe with change of some terms and
some coefficients) where the radius of Sd−4 plays the role of dilatonic function.
Hence, the study of dilaton coupled electromagnetic field with the Lagrangian (127) which describes
conformally invariant theory may be of interest in different respects. In the present section, we study
conformal anomaly in the theory (127) in four dimensions (in two dimensions theory is not conformally
invariant).
Adding to the Lagrangian (128) the gauge-fixing Lagrangian Lgf :
Lgf = −1
2
f(φ)(∇νAν)2 , (129)
one can apply the standard algorithm to get the effective action. For ghosts it is the same as in the
theory with no dilaton
Γ
(1)
ghost =
1
(4π)2(n− 4)
∫
d4x
√−g
{
− 1
90
R2µναβ +
1
90
R2µν −
R2
36
− 1
15
✷R
}
=
1
(n− 4)
∫
d4x
√−gbghost4 . (130)
The one-loop effective action due to vectors may be found as [68, 56]
Γ
(1)
Aµ
=
1
(4π)2(n− 4)
∫
d4x
√−g
{
− 11
180
R2µναβ +
43
90
R2µν −
1
9
R2
27
− 1
30
✷R− 1
3
✷
(
1
f
✷f
)
+
5
12
✷
[
1
f2
(∇αf)(∇αf)
]
− 1
3f2
Rµν(∇µf)(∇νf)− 1
3f
Rµν(∇µ∇νf) + R
6f
(✷f)
+
9
16f4
(∇µf)(∇µf)(∇αf)(∇αf) + 1
6f3
(∇βf)(∇νf)(∇β∇νf)
− 11
12f3
(∇µf)(∇µf)(✷f)− 1
6f2
(∇α∇βf)(∇α∇βf) + 5
12f2
(✷f)(✷f)
}
=
1
(n− 4)
∫
d4x
√−gbvector4 . (131)
The total one-loop effective action Γ(1) is given by sum of (130) and (131). From the expression for Γ(1)
one can easily get conformal anomaly: T = b4 = b
ghost
4 + b
vector
4 . The first four terms give the well-known
conformal anomaly of electromagnetic field [69, 70]. We have to note that using another regularization
(like zeta-regularization) may slightly alter the coefficients of total derivative terms, like already happened
in this case in the absence of dilaton [69, 70].
We have to note, however, that there are some unclear points. First, it was shown [68, 56] that
such conformal anomaly cannot be integrated and anomaly induced action cannot be constructed. That
indicates that convenient approach (as applied above) fails to reproduce correct conformal anomaly. It
is known [60] that conformal anomaly consists from only trivial (total derivative) terms and conformally
invariant terms. Above conformal anomaly does not satisfy this property as it was shown in [56] via
classification of terms entering to conformal anomaly. It may be that BRST approach (for a recent review,
see [71]) in combination with some convenient regularization may help in resolution of this problem as it
was discussed in [56]. In the last chapter, we will show that correct conformal anomaly for this case may
be reproduced from AdS/CFT correspondence. Nevertheless, it would be interesting to understand why
conventional approach to conformal anomaly as in this section fails.
3.6 Conformal anomaly and induced action in 2d dilatonic supergravity with
dilaton coupled Wess-Zumino matter
Based on [72], in this section, we construct the theory of 2d dilatonic supergravity(SG) with matter
and dilaton supermultiplets coupled to dilaton functions. The 2d model also appears by the spherical
reduction from 4d supergravity theories [72]. Conformal anomaly and induced effective action for matter
supermultiplet are calculated, which gives also large-N effective action for dilatonic SG.
At first we construct the action of 2d dilatonic supergravity with dilaton supermultiplet and with
matter supermultiplet. In order to find the Lagrangian of 2d dilatonic supergravity, we use the component
formulation of ref.[73, 74, 75] (for introduction, see book[76]). Here, all the scalar fields are real and all
the spinor fields are Majorana spinors. We introduce dilaton multiplet Φ = (φ, χ, F ) and matter multiplet
Σi = (ai, χi, Gi), which has the conformal weight λ = 0, and the curvature multiplet W
W =
(
S, η,−S2 − 1
2
R− 1
2
ψ¯µγνψµν +
1
4
ψ¯µψµ
)
. (132)
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Here R is the scalar curvature and
η = −1
2
Sγµψµ +
i
2
e−1ǫµνγ5ψµν , ψµν = Dµψν −Dνψµ ,
Dµψν =
(
∂µ − 1
2
ωµγ5
)
ψν , ωµ = −ie−1eaµǫλν∂λeaν −
1
2
ψ¯µγ5γ
λψλ . (133)
The curvature multiplet has the conformal weight λ = 1.
Then the general action of 2d dilatonic supergravity is given in terms of general functions of the
dilaton C(φ), Z(φ), f(φ) and V (φ) as follows
L = − [C(Φ)⊗W ]inv + [V (Φ)]inv +
1
2
[Φ⊗ Φ⊗ TP (Z(Φ))]inv − [Z(Φ)⊗ Φ⊗ TP (Φ)]inv
+
N∑
i=1
{
1
2
[Σi ⊗ Σi ⊗ TP (f(Φ))]inv − [f(Φ)⊗ Σi ⊗ TP (Σi)]inv
}
. (134)
TP (Z) is called the kinetic multiplet for the multiplet Z = (ϕ, ζ,H) and when the multiplet Z has the
comformal weight λ = 0, TP (Z) has the following form
TP (Z) = (H,D/ ζ,✷ϕ) . (135)
The kinetic multiplet TP (Z) has conformal weight λ = 1. The product of two multiplets Zk = (ϕk, ζk, Hk)
(k = 1, 2) with the conformal weight λk is defined by
Z1 ⊗ Z2 = (ϕ1ϕ2, ϕ1ζ2 + ϕ2ζ1, ϕ1H2 + ϕ2H1 − ζ¯1ζ2) . (136)
The invariant Lagrangian [Z]inv for multiplet Z is defined by
[Z]inv = e
[
F +
1
2
ψ¯µγ
µζ +
1
2
ϕψ¯µσ
µνψν + Sϕ
]
. (137)
Then if necessary one can rewrite the Lagrangian (134) in lengthy component form. The covariant
derivatives for the multiplet Z = (ϕ, ζ,H) with λ = 0 are defined as
Dµϕ = ∂µϕ− 1
2
ψ¯µζ , Dµζ =
(
∂µ +
1
2
ωµγ5
)
ζ − 1
2
Dνϕγ
νψµ − 1
2
Hψµ , (138)
✷ϕ = e−1
{
∂ν(eg
µνDµϕ) +
i
4
ζ¯γ5ψµνǫ
µν − 1
2
ψ¯µDµζ − 1
2
ψ¯µγνψνDµϕ
}
.
The action (134) is, by construction, invariant under the following local supersymmetry transformation,
δeaµ = ǫ¯γ
aψµ, δψµ = 2
(
∂µ +
1
2
ωµγ5 +
1
2
γµS
)
ǫ, δS = −1
2
Sǫ¯γµψµ +
1
2
ie−1ǫµν ǫ¯γ5ψµν
δφ = ǫ¯χ , δχ =
{
F + γµ(∂µφ− 1
2
ψ¯µχ)
}
ǫ
δF = ǫ¯γµ
{(
∂µ +
1
2
ωµγ5
)
χ− 1
2
γν
(
∂νA− 1
2
ψ¯νχ
)
ψµ − 1
2
Fψµ
}
δai = ǫ¯ξi , δξi =
{
Gi + γ
µ(∂µai − 1
2
ψ¯µξi)
}
ǫ
δGi = ǫ¯γ
µ
{(
∂µ +
1
2
ωµγ5
)
ξi − 1
2
γν
(
∂νφ− 1
2
ψ¯νξi
)
ψµ − 1
2
Giψµ
}
. (139)
Here ǫ is an anti-commuting spinor parameter of local supersymmetry transformation and ωµ is the
spin connection and given by ωµ = −ie−1eaµǫλν∂λeaν − 12 ψ¯µγ5γλψλ. Hence, we constructed the classical
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action for 2d dilatonic supergravity with dilaton and matter supermultiplets. The extended versions of
2d dilatonic supergravity have been constructed in refs.[77, 78].
We now study the conformal anomaly and effective action in large-N approximation for the 2d dila-
tonic supergravity. We consider only bosonic background below as it will be sufficient for the study of
black hole or cosmological applications. Then, the dilatino χ and the Rarita-Schwinger fields vanish, and
one can show that gravity and dilaton part of the Lagrangian has the following form:
[C(Φ)⊗W ]inv = e
[
−C(φ)
(
S2 +
1
2
R
)
− C′(φ)FS
]
,
[Φ⊗ Φ⊗ TP (Z(Φ))]inv = e
[
φ2✷˜(Z(φ)) + 2Z ′(φ)φF 2
]
,
[Z(Φ)⊗ Φ⊗ TP (Φ)]inv = e
[
Z(φ)φ✷˜φ+ Z ′(φ)φF 2 + Z(φ)F 2
]
,
[V (Φ)]inv = e [V
′(φ)F + SV (φ)] . (140)
Using the equations of motion with respect to the auxiliary fields S, F , Gi, on the bosonic background
one can show that
S =
C′(φ)V ′(φ) − 2V (φ)Z(φ)
C′2(φ) + 4C(φ)Z(φ)
, F =
C′(φ)V (φ) + 2C(φ)V ′(φ)
C′2(φ) + 4C(φ)Z(φ)
, Gi = 0. (141)
For the matter on bosonic background
N∑
i=1
{
1
2
[Σi ⊗ Σi ⊗ TP (f(Φ))]inv − [f(Φ)⊗ Σi ⊗ TP (Σi)]inv
}
(142)
= ef(φ)
N∑
i=1
(gµν∂µai∂νai + ξ¯iγ
µ∂µξi − f(φ)G2i ) +
 total divergence
terms

Here we have used the fact that ξ¯iγ5ξ = 0 for the Majorana spinor ξi.
Let us write down the effective action in above theory. It is clearly seen that theory (142) is conformally
invariant on the gravitational background under discussion. Then using standard methods, we can prove
that theory with matter multiplet Σi is superconformally invariant theory. The anomaly induced effective
action due to N scalars and spinors may be derived from Eqs.(103) and (113) as the following:
W = −1
2
∫
d2x
√−g
{
N
32π
R
1
∆
R− N
16π
f ′2
f2
(∇λφ)(∇λφ) 1
∆
R− N
6π
R ln f
}
. (143)
Thus, using results of first sections of this chapter we were able to get the effective action for dilatonic
supergravity with matter. It is interesting to note that similarly one can get large N, anomaly induced
effective action for dilatonic supergravity (with matter) in other dimensions. In the next chapter we
discuss applications of induced effective action in black holes thermodynamics with account of quantum
corrections and in chapter 5- in quantum cosmology.
4 Thermodynamics of quantum dilatonic black holes
Our purpose in this chapter will be to apply induced effective action in the study of quantum aspects of
black holes thermodynamics. Let us first make few general remarks.
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When we try to construct the quantum gravity theory, black hole evaporation provides a serious
problem. A quantum mechanically pure state which describes gravitationally collapsing matter to form
a black hole evolves into a mixed quantum state, which describes Hawking radiation [79]. There are
several scenarios to solve this problem of the loss of quantum information. Hawking gave a most radical
proposal that the black hole completely evaporates and the quantum coherence is lost in the gravitational
collapse. On the other hand, ’t Hooft has proposed that Hawking radiation carries off information about
the quantum states of the black holes [80]. Another conservative proposal is that the process of the collapse
and the radiation leaves a stable remnant which carries the information of the initial configuration of the
system [81]. However, if the remnant has the mass of order the Planck scale, gravitational effects would
produce the light remnants in pairs and the lifetime of stars would be shorter than observed. Therefore
the mass of the remnants should be macroscopic. A candidate of such remnants is the extremal black
hole of Reissner-Nordstrøm type [82]. The extremal black holes have vanishing temperature and the
space-time metric is not singular everywhere.
4.1 2d dilatonic black holes and Hawking radiation
Let us turn now to overview of the 2d dilatonic black holes properties. Callan, Giddings, Harvey and
Strominger [35] have investigated an interesting toy model of two dimensional gravity, which contains
Hawking radiation and which is now called CGHS model. The action of the model is given by adding
the action of N minimal scalar fields ai (i = 1, · · · , N)
Sa = − 1
2π
∫
d2x
√−g
N∑
j=1
∂µaj∂
µaj (144)
to the action (115) . When we fix the gauge freedom of reparametrization invariance by the conformal
gauge,
g∓± = −1
2
e2ρ , g±± = 0 , (145)
the general solutions of eqs. of motion are given by,
aj = a
+
j (x
+) + a−j (x
−) ,
e−2φ = e−2ρ =
M
λ
− λ2x+x− +
∫ x+
dy+
∫ y+
dz+
N∑
j=1
∂+a
+(z+)∂+a
+(z+)
+
∫ x−
dy−
∫ y−
dz+
N∑
j=1
∂−a−(z−)∂−a−(z−) . (146)
Here we have fixed the residual gauge symmetry of reparametrization by choosing the condition φ−ρ = 0,
which is given by a sum of holomorphic function w+(x+) and anti-holomorphic function w−(x−) in general
: φ(x+, x−)− ρ(x+, x−) = w+(x+) + w−(x−).
When we consider solutions with aj = 0, a special solution describing a dilaton vacuum is given by,
e−2φ = e−2ρ = −λ2x+x− . (147)
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One may get more general solutions,
e−2φ = e−2ρ =
M
λ
− λ2x+x− . (148)
Here Mλ is an integration constant. The solutions (148) tell that the metric has a singularity when
M
λ − λ2x+x− = 0 and there appear horizons x+x− = 0. Therefore, the solutions (148) describe black
holes. The structure of space-time is similar to that of the 4d Schwarzschild black holes.
The solutions (146) can also describe matter collapsing into black holes. As an example, we can
consider a shock wave which is given by
∑N
j=1 ∂±aj∂±aj = aδ(x
+ − x+0 ). Then the solution is given by,
x+ < x+0 , e
−2φ = e−2ρ =
M
λ
− λ2x+x− ,
x+ > x+0 , e
−2φ = e−2ρ =
M
λ
+ ax+0 − λ2x+(x− +
a
λ2
) . (149)
The event horizon when x+ > x+0 is given by x
+
(
x− + aλ2
)
= 0. Note that the past horizon, where
x+ = − aλ2 , is shifted by the shock wave.
In the original paper by CGHS, they found that the Hawking radiation and the back reaction of the
metric can be described by adding correction terms to the classical action. These terms come from the
minimal scalar conformal anomaly (first term in (103)).
W = −1
2
∫
d2x
√−g N
48π
R
1
∆
R (150)
However, they break the solvability in the classical CGHS model. Subsequently, Russo, Susskind and
Thorlacius [83] added a dilaton dependent term in (114) by hands. That makes the semi-classical theory
solvable. As shown in Eq. (103) [59], such term as in RST model can arise from the conformal anomaly
for dilaton coupled spinors. CGHS and RST models initiated a lot of activity. Some other models
which mainly represent their modifications and quantization of such models have been discussed in
refs.[84, 85, 86, 38, 87, 88, 89, 90] (for a review and more complete list of refs., see [91]).
In [92], another solvable models which also represent some modification of CGHS theory are proposed.
The starting classical action is given by
Sc =
1
2π
∫
d2x
√−g
e−2φ(R+ 4(∇φ)2 + 4λ2)− eaφg2A F 2 −
N∑
j=1
iΨ¯jγ
µ(Dµ − iAµ)Ψj
 . (151)
Here φ is a dilaton field and Ψj =
(
ψj
0
)
’s areN left-handed complex fermions. gA is a U(1) electromagnetic
gauge coupling constant and Dµ is a covariant derivative. If we fix a = −2, this action, except the fermion
part, describes an effective field theory derived from string theory [36]. In ref.[92], it was chosen a = 2,
which allows us to exactly solve this model classically. In fact, when a = −2, the general solutions of
effective equations are given by,
ψj = ψj(x
+) , A+ = −g
2
A
4
x−
∫ x+
dy+
N∑
j=1
ψ∗j (y
+)ψj(y
+) ,
e−2φ = e−2ρ =
M
λ
− λ2x+x− + g
2
A
8
x−
∫ x+
dy+(
∫ y+
dz+
N∑
j=1
ψ∗j (z
+)ψj(z
+))2
32
− i
4
∫ x+
dy+
∫ y+
dz+
N∑
j=1
(ψ∗j (z
+)∂+ψj(z
+)− ∂+ψ∗j (z+)ψj(z+)) . (152)
A special solution with ψj = 0 describes the dilaton vacuum in (147). And as more general solutions, we
find
F+− = C (constant) , e−2φ = e−2ρ =
M
λ
− λ˜2x+x− . (153)
Here Mλ is an integration constant and λ˜ is defined by λ˜
2 ≡ λ2 − 2C2
g2
A
. The metric has a singularity
when Mλ − λ˜2x+x− = 0 and there appear horizons x+x− = 0. Therefore, if C 6= 0, the solutions describe
charged black holes. The structure of space-time is similar to that of the Schwarzschild black holes and
simple in contrast to the Reissner-Nordstrøm black hole solutions in four dimensions. Note that the
singularity vanishes when λ˜2 = 0 when we fix M to be finite. This solution could be a natural analogue
of the extremal Reissner-Nordstrøm black hole solution. In fact, as the temperature T is given by,
T =
λ˜
2π
, (154)
the extremal solutions, which correspond to λ˜2 = 0, have a vanishing temperature.
The solutions (152) can also describe charged matter (chiral fermions) collapsing into black holes.
As an example, we can consider a charged shock wave which is given by, i4
∑N
j=1(ψ
∗
j (x
+)∂+ψj(x
+) −
∂+ψ
∗
j (x
+)ψj(x
+)) = aδ(x+ − x+0 ) and g
2
A
4
∑N
j=1 ψ
∗
j (x
+)ψj(x
+) = bδ(x+ − x+0 ). Then in the solution, not
only future horizon corresponding to x− = − 2Bx+0
g2
A
λ˜′2
, but past horizon, where x+ = − a
λ˜′2
, is shifted by the
shock wave. Here λ˜′ and B are defined by λ˜′2 ≡ λ2 − 2(C+b)2
g2
A
and B ≡ (2Cb+ b2). In the original paper
by ’t Hooft [80], the shift of only future horizon was discussed in four dimensional black holes. The shift
of the past horizon would suggest that charged particles collapsing into Reissner-Nordstrøm black hole
in four dimensions could shift the past horizon.
Now, since we have massless fermions, the terms which come from the chiral anomaly should be also
added to the quantum correction besides the terms coming from the conformal anomaly. Furthermore,
by adding the contribution which corresponds to the term in RST model [83], we find the following total
quantum action Sq:
Sq = Sc − N
96
1
2π
∫
d2x
√−g
{
R
1
∆
R+ φR
}
+
N
24
1
2π
∫
d2x (ǫµνFµν)
1
∆
(ǫµνFµν) . (155)
The above model can be also solved in the same way as RST model. Of course, there are many more BH
models which are not solvable. Their study is extremely difficult even technically.
Similarly, one can discuss other 2d and 4d BHs with Hawking radiation (for reviews on Hawking
radiation see [91, 93]). As the presentation is more-less standard we finish this section by last example
of supersymmetric BHs which are not exactly solvable.
In refs. [72, 59], the Hawking radiation of the supersymmetric extension of CGHS model [94] has been
investigated. We discuss the case that dilaton function is given by f(φ) = eαφ in (142) in the previous
chapter. The Hawking radiation can be obtained by substituting the classical black hole solution which
appeared in the original CGHS model [35]
ρ = −1
2
ln
(
1 +
M
λ
eλ(σ
−−σ+)
)
, φ = −1
2
ln
(
M
λ
+ eλ(σ
+−σ−)
)
(156)
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(where M is the mass of the black hole and we used asymptotic flat coordinates) into the quantum part
of the energy momentum tensor. Then we find that when σ+ → +∞, the energy momentum tensor
behaves as
T q+− → 0 , T q±± →
Nλ2
16
α2 + t±(σ±) . (157)
Here t±(σ±) is a function which is determined by the boundary condition. In order to evaluate t±(σ±), we
impose a boundary condition that there is no incoming energy. This condition requires that T q++ should
vanish at the past null infinity (σ− → −∞) and if we assume t−(σ−) is black hole mass independent,
T q−− should also vanish at the past horizon (σ
+ → −∞) after taking M → 0 limit. Then we find
T q−− → 0 (158)
at the future null infinity (σ+ → +∞). Eqs.(157) and (158) might tell that there is no Hawking radiation
in the dilatonic supergravity model under discussion when quantum back-reaction of matter supermul-
tiplet in large-N approach is taken into account as in [72]. (That indicates that above black hole is
extremal one). From another side since we work in strong coupling regime it could be that new methods
to study the Hawking radiation should be developed. This follows from the fact that despite various
efforts there are still many unclear points related with Hawking radiation [95, 96, 97, 98, 99, 94, 100].
Especially puzzling is its relation with information loss paradox.
4.2 Thermodynamics of Schwarzschild-de Sitter black holes
The strong analogy between thermodynamics and BHs is known for quite a long time [101, 102]. One
of its bright manifestations is related with Bekenstein-Hawking entropy [103, 79] which is known to
be proportional to the surface area of BH horizon. Despite numerous attempts varying from strings
[104, 105, 106, 107] (for a review and list of refs. see [108]), three-dimensional gravity [109, 110] including
higher derivative terms[111], induced gravity [112], etc. the derivation of Bekenstein-Hawking entropy
from statistical mechanics is not yet completely understood. Most probably, it is expected to get the
complete understanding from string or M-theory. Our purpose in this section will be more modest than
explanation of the origin of BH entropy. We are going to calculate quantum corrections to some classes
of BHs semiclassically, using effective action obtained in previous chapter.
In [113], the quantum corrections to thermodynamics (and geometry) of S(A)dS BHs have been dis-
cussed by using large N anomaly induced effective action for dilaton coupled matter (scalars and spinors).
It is found the temperature, mass and entropy with account of quantum effects for multiply horizon SdS
BH and SAdS BH. That also gives the corresponding expressions for their limits: Schwarzschild and de
Sitter spaces. Note that such BHs are not dilatonic ones. Nevertheless, we develop the picture describing
the same objects as 2d dilatonic BHs. Hence, they again have the relation to dilatonic gravity.
We will start from the action of Einstein gravity with N minimal real scalars χi and M Majorana
fermions ψi :
S4d = − 1
16πG
∫
d4x
√−g(4) (R(4) − 2Λ)+ ∫ d4x√−g(4)
(
1
2
N∑
i=1
gαβ(4)∂αχi∂βχi +
M∑
i=1
ψ¯iγ
µ∇µψi
)
(159)
34
where N and M are considered to be large, N,M ≫ 1, G and Λ are gravitational and cosmological
constants, respectively. The convenient choice for the spherically symmetric spacetime is the following
one
ds2 = gµνdx
µdxν + e−2φdΩ, (160)
where µ, ν = 0, 1, gµν and φ depend only on x
0, x1 and dΩ corresponds to the two-dimensional sphere.
Then the action (159), reduced according to (160) takes the form
Sred =
∫
d2x
√−ge−2φ
[
− 1
16πG
{R+ 2(∇φ)2 − 2Λ + 2e2φ}+ 1
2
N∑
i=1
(∇χi)2 +
2M∑
i=1
ψ¯iγ
µ∇µψi
]
(161)
Working in large N and s-wave approximation and using 2d conformal anomaly for dilaton coupled
scalar, calculated in [14] (see also [47, 51]) one can find the anomaly induced effective action [50, 46, 72]
from Eqs.(103) and (113) by choosing f(φ) = e−2φ. The conformally invariant functional can be found
(see (105)) as some expansion of Schwinger–DeWitt type [57] keeping only the leading term. Then, the
effective action may be written in the following form [46, 72, 57]
W = − 1
8π
∫
d2x
√−g
[
N +M
12
R
1
∆
R −N∇λφ∇λφ 1
∆
R+
(
N +
2M
3
)
φR + 2N lnµ20∇λφ∇λφ
]
,
(162)
where µ20 is a dimensional parameter.
In the conformal gauge (145),it is convenient to change the radial coordinate r by the new coordinate
x
x = e−φ , (163)
which corresponds to the usual coordinate choice in the Schwarzschild metric:
ds2 = −e2ρdt2 + e2σdx2 + x2dΩ2 , eσ = −eρ+φ
(
dφ
dr
)−1
. (164)
Note that there were also attempts in refs.[114, 115, 46, 72, 57, 116] to apply such EA (usually
without logarithmic term and only for scalars) for quantum considerations around BHs (for calculation
of semiclassical stress tensor with dilaton,see refs.[117, 118]).
First we consider the case Λ = 0. In the classical limit (N → 0), we obtain, of course, the Schwarzschild
black hole as solution of classical equations of motion:
e2ρ = e2ρ0 , e2σ = e2σ0 , e2ρ0 = e−2σ0 = 1− µ
x
. (165)
Here µ = 2GMBH and MBH is the black hole mass. We now consider the quantum corrections by
regarding GN is small and assuming
ρ = ρ0 +GN∆ρ , σ = σ0 +GN∆σ (σ0 = −ρ0) . (166)
Then from effective equations of motion we find that ∆σ behaves near the classical horizon x ∼ µ, as
∆σ ∼ 1
3(x− µ)
[(
A
8µ
+ 6t0µ
)
ln(x− µ) + regular terms
]
. (167)
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Here, t0 is a constant which is determined by the initial conditions and A ≡ N+MN , B ≡
N+ 2M3
N . The
singularity coming from ln(x−µ) vanishes if we choose (then t0 here corresponds to the constants C and
D of the integration in [116])
t0 = − A
48µ2
. (168)
In the choice of (168), one gets
∆ρ +∆σ = A
{
1
8x2
+
1
6µx
− 1
12µ2
ln
x
l
}
+
a+B − 1
2x2
− 1
4x2
− 1
2µx
+
1
2
(
1
x2
− 1
µ2
)
ln
(
1− µ
x
)
,
∆σ =
1
3(x− µ) ×
{
∆S +A
(
− 1
8µ
ln
x
l
+
1
8x
− 7µ
16x2
)
+
a−B + 1
2
(
3
x
− 3µ
2x2
)
−3Bµ
4x2
− 3µ
4
(
1
x
− 1
µ
)2
ln
(
1− µ
x
)
− 3
4x
+
3µ
8x2
+
3x
2µ2
}
. (169)
Here parameters l and ∆S coming from the constants of the integration. We now assume the radius L of
the universe is large L≫ µ but finite and we require ∆ρ = ∆σ = 0 when x = L. Then we find
l = L , ∆S = − 3L
2µ2
. (170)
Near the classical horizon, ∆ρ+∆σ and the scalar curvature are regular. The horizon defined by e
2ρ = 0,
which corresponds to x = µ in the classical limit is given by
0 ∼ 1
µ
(x− µ+ 2GNCS) . (171)
Then the entropy, which is defined by the area of horizon divided by 4G, is
S ∼ πµ
2
G
− πN
(
−4µ∆S
3
+
A
6
ln
µ
l
+
5A
12
− a+ 2B − 5
2
)
. (172)
The second term in (172) corresponds to the quantum correction. From the behavior of the metric near
the horizon x = µ−2GNCS , we find the temperature T (in the following, we put the Boltzmann constant
k to be unity, k = 1) is given by
T ∼ 1
4πµ
[
1 +GN
{
− 2
3µ
∆S +
A
12µ2
(
−1 + 2 ln µ
l
)
− a
µ2
+
B
2µ2
}]
. (173)
The second term corresponds to the quantum correction. We now consider the thermodynamical mass
E, which is defined by
dE = TdS . (174)
Using the parameter µ, (174) can be rewritten as
E =
∫
dµT
dS
dµ
=
µ
2G
+N
(
− L
2µ2
− A
12µ
ln
µ
L
+
a
2µ
+
B
4µ
)
. (175)
The first term expresses the usual classical massMBH since µ = 2GMBH and the second term is due to the
quantum effects. Notice the regularization scheme dependence via the presence of parameter a in above
expressions. It may be fixed by the choice of some physical regularization. The qualitative structure of
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the entropy (172), the temperature (173) and the energy (mass) (175) are similar to the corresponding
quantities found in [116] for pure scalar.
Let us turn now to 2d formulation of above results. The classical black hole solution (165) can be
regarded as a purely two dimensional object if we start with the reduced action (161). The thermody-
namical quantities as the energy and entropy for two dimensional charged black hole with dilaton are
evaluated on the classical and one-loop levels in [57, 119]. In [119], the boundary of the universe is
introduced at the radius r = L. If there is a boundary, we need to add the boundary terms to the action
in order that the variation with respect to the metric should be well-defined. By including the boundary
term, the formula for the energy (mass) of the black hole with one-loop quantum correction was derived
in [119] as follows,
E(µ, L) = −e
λ(L)
G
g
1
2 (L)D′(φ(L))− h¯
3
eλCL(L)g
− 12
CL(L)g
′
CL(L)−
ch¯
6
eλCL(L)g
1
2
CL(L)φ
′(L) . (176)
Here ′ = ddx . The quantities appeared in (176) have the following correspondence with the quantities
here,
g(x) = e2ρ(x) , e−λ(x) , D(φ(x)) =
e−2φ(x)
2
=
x2
2
. (177)
Since only the quantum correction from the one scalar field was evaluated in [119], we need to do the
replacement h¯ → NA and c → 12BA . We should note that we usually choose h¯ = 1. In the expression
(176), the quantities with suffices CL correspond to the classical ones. If we choose a proper boundary
condition, we find
g(L) = gCL(L) = 1− µ
L
, Λ(L) = ΛCL(L) = 0 . (178)
Therefore
E(µ, L) = −L
G
(
1− µ
L
) 1
2 − NAµ
3L2
(
1− µ
L
)− 12
+
2NB
L
(
1− µ
L
) 1
2
. (179)
Since the energy (179) diverges in the limit L→ +∞, we need to subtract E(0, L) before taking the limit
of L→ +∞. Then we obtain
Esub ≡ lim
L→+∞
(E(µ, L)− E(0, L)) = µ
2G
, (180)
which is nothing but the classical black hole mass. This tells that there is no quantum correction for
the mass. Even if the black hole is purely two dimensional one (but with dilaton), the definition of the
temperature is not changed and one gets (173). Then using the energy (180), the temperature (173) and
the definition of the entropy (174), we obtain the following expression of the entropy
S =
∫
dE
T
=
∫
dµ
T (µ)
dE
dµ
=
πµ2
G
− 2πN
{
−L
µ
+
{
− A
12
− a+ B
2
)
ln
µ
l
+
A
12
(
ln
µ
L
)2
+ c
}
+O(L−1) +O (GN)2) . (181)
Here c is the constant of the integration. The classical part coincides with the usual Bekenstein-Hawking
entropy when we regard the black hole as the four dimensional object.
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Hence we calculated quantum corrections to simplest black hole thermodynamical quantities. The
result is actually obtained for two objects: 4d BH and the same object described as 2d dilatonic BH.
That shows remarkable property of s-wave EA that it could be applied to 4d as well as to 2d geometry
(where it looks already as complete EA). It is not difficult to extend the discussion for other types of
BHs.
We now consider more general Schwarzschild-(anti-)de Sitter black holes. Their convenient description
is given in next section. In the classical limit (N → 0) with non-vanishing cosmological constant Λ, we
obtain the usual Schwarzschild-(anti)de Sitter as solution of equations of motion
e2ρ = e−2σ = e2ρ0 ≡ 1− µ
x
− Λ
3
x2 = − Λ
3x
3∏
i=1
(x− xi) . (182)
Here µ is a constant of the integration corresponding to the black hole mass (µ = 2GMBH). The
parameters xi (i = 1, 2, 3) are solutions of the equation e
2ρ0 = 0. Among xi’s, two are real and positive if
Λ > 0 and µ2 < 49Λ and they correspond to black hole and cosmological horizons in the Schwarzschild-de
Sitter black hole. On the other hand, only one is real if Λ < 0. If we start from the reduced action (161),
the classical solution (182) can be regarded to express the purely two dimensional Schwarzschild-(anti)
de Sitter black holes with dilaton. Hence, we again obtain 2d or 4d formulation for such object. Note
that reduction of SAdS BH may be understood as 2d dilatonic AdS BH where quantum effects of dilaton
were recently discussed in refs.[120, 121].
As in (166), we consider the quantum corrections regarding GN as small. In a similar way as in
the case of the Schwarzschild black hole, we obtain the following expressions for the entropy S and the
temperature T :
S ∼ πx2I − 4πGNCIxI
T ∼
∣∣∣∣ Λ12π
{
YI +
(
−6 + 2YI
xI
)
GNCI −GNYIBI
}∣∣∣∣ . (183)
The explicit forms of BI and CI are given in [113] and
Yi ≡ 1
xi
3∏
i,j=1,i6=j
(xj − xi) , a′ ≡ ln
(
−Λ
3
)
+ a . (184)
We now consider de Sitter space as a limit of µ → 0. Let us choose xI as a cosmological horizon :
xI = h ≡
√
3
Λ . Then we find the expressions for the entropy S and the temperature T :
S =
3π
Λ
− 2πGN
{
∆˜1
√
Λ
3
+
A
6
+ a+ 1 + 2 ln 2
}
T =
1
2π
√
Λ
3
+
GNΛ
12π
{
Λ∆˜1
3
− 2∆˜0
√
3
Λ
+
(
A
2
+ 2 + 2 ln 2−B
)√
Λ
3
}
.
Here ∆˜0 and ∆˜1 are the constants of the integration. It is interesting to note that the expression for S
describes quantum corrections to the entropy of expanding inflationary Universe (as de Sitter space may
be considered as such inflationary Universe). That gives new terms proportional to particles number as
compare with classical entropy of expanding Universe discussed extensively in refs.[122, 123, 124].
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Hence we found quantum corrections to the temperature and the entropy for 4d de Sitter space (as
the limit of SdS BH) as well as for SdS BH and SAdS BH. In the last case of SdS or SAdS BHs we also
defined the quantum correction to the temperature of corresponding 2d object (i.e. corresponding BH
with dilaton). The calculation of 2d quantum entropy is more difficult and cannot be done by using only
4d point of view unlike the case of Schwarzschild BH. Similarly, one can calculate quantum corrections
to other BHs, for example, for charged 4d BHs it was done in ref. [125]. Below we consider one more
example of 2d charged BHs.
In [119], it was investigated the one-loop quantum correction to the thermodynamical quantities in
general two- dimensional charged black holes, whose special cases correspond to the dimensionally reduced
higher dimensional black holes like 4d charged spherically symmetric one or 3d rotating BTZ one. The
starting classical action is given by
W [gµν , φ, Aµ] =
1
2G
∫
d2x
√−g
[
D(φ)R +
1
2
∂αφ∂βφ+
1
l2
V (φ)− 2G
4
Y (φ)FαβFαβ
]
(185)
where Aµ is the abelian gauge field and Fµν = ∂µAν − ∂νAµ. D(φ), V (φ), and Y (φ) are arbitrary
dilatonic functions. The free energy F can be evaluated from the action W after Wick-rotating to
Euclidean signature t → iτ by F = 1
2πβ¯
W after the subtraction of the contribution from the adequate
background geometry. Here β¯ is the inverse of the temperature which is red-shifted at the boundary at
x = L β¯ = g
1
2β. In order to well define the quantities, the space-time is assumed to be the disc, where
the space coordinate x, corresponding the radial coordinate in the choice of the Schwarzschild like metric
ds2 = g(x)dτ2 + e−λ(x)g−1(x)dx2 , (186)
is defined between the outer horizon at x = x+ to the finite boundary at x = L. Other thermodynamical
quantities like the entropy S and the energy E can be obtained by using the standard definitions in the
thermodynamics:
S = β¯2
∂F
∂β¯
, E =
∂
(
β¯F
)
∂β¯
. (187)
In [119], the quantum corrections were included by adding the one-loop effective action Γ to the classical
action (185). Γ is generated by the 2d conformal anomaly as given in Eq.(103) or (113) :
Γ =
1
12
∫
d2x
√−g
[
aR
1
△R + b (∇φ)
2 1
△R+ cφR
]
. (188)
The parameter a is chosen to be unity a = 1 and b and c are arbitrary. Then the entropy S is given by
S =
2π
G
D (φCL(x+))
−2πh¯
6
[
2ψ(x+)− cφCL(x+)− b
∫ L
x+
dx
e−λCL(x)
gCL(x)
∫ L
x
dx¯eλCL(x¯)φ′CL(x¯)
2gCL(x¯)
]
, (189)
and the energy E is given by Eq.(176). Here the classical quantities are notated by the suffices CL and
ψ is defined when we choose the Euclidean metric in the following way:
ds2 = e−ψ
(
z2dθ2 + dz2
)
, (190)
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that is
g(x)dt2 = e−ψz2dθ2 , g−1(x)e−2λ(x)dx2 = e−ψdz2 . (191)
We can regard the above 2d model as 4d spherically symmetric reduced model if we identify
φ =
√
2r
l
, D(φ) =
r2
2l2
, V (φ)− Gl
2q2
Y (φ)
= 1− Q
2
r2
. (192)
Here q corresponds to the charge in 2d model. Then we obtain the following expressions for the above
thermodynamical quantities:
S ∼ SCL + 2πβCLm(r+CL) + 2π
3
(
1− r
2
−CL
r2+CL
)
ln
(
L
r+CL − r+CL
)
+
4π
3
ln
(
r+CL
z0
)
E ∼MCL + h¯Gl
2MCL
3β2CL
(2 ln(L) + 1) . (193)
Here we assume that L is large and neglect O(L−2) terms. m(r) expresses the quantum correction to the
mass:
m(r) =M(r)−MCL ∼ h¯
3β2CL
[
L+ 2MCLGl
2 ln(L)
]
(194)
and z0 is the value of z corresponding to x = L.
Thus, we presented the derivation of quantum corrections to thermodynamics of different 2d and
4d BHs using the effective action derived in previous chapter. There is no problem to extend such
semiclassical investigation for other BH models. It is also interesting to note that some integrable dilatonic
gravity models lead to the solutions similar to Nariai space [90] where again quantum corrections may
be found.
4.3 Anti-evaporation of multiply horizon black holes
In [79], Hawking made one of the most striking discoveries of the history of black hole physics: the
possibility for black holes to evaporate, as a result of particle creation. This effect —which is now called
the Hawking radiation process— produced a deep impact in our understanding of quantum gravity.
There exists, however, an exotic class of black holes (see Ref. [102] for a review) which possesses a
multiple horizon and for which the opposite effect might occur. It is interesting to investigate this possibil-
ity in detail. Consider a nearly degenerate Schwarzschild-de Sitter black hole (the so-called Nariai black
hole [126]). The Schwarzschild-de Sitter black hole represents the neutral, static, spherically symmetric
solution of Einstein’s theory with a cosmological constant. The corresponding metric looks as follows
ds2 = −V (τ)dt2 + V −1(τ)dτ2 + τ2dΩ2, V (τ) = 1− 2µ
τ
− Λ
3
τ3, (195)
where µ is the mass and τ the radius of the black hole, dΩ2 the metric corresponding to a unit two-sphere,
and Λ is the cosmological constant. It can be easily checked that the equation V (τ) = 0 has two positive
roots, τc and τb (we set τc > τb). Here, τc and τb have the meaning of a cosmological and a black-hole
horizon radius, respectively. In the degenerate case (which corresponds to a black hole of maximal mass)
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both radii coincide and the black hole is in thermal equilibrium. It is called a Nariai black hole. If we
redefine new time and radial coordinates ψ and χ by
τ =
1
ǫ
√
Λ
ψ , r =
1√
Λ
[
1− ǫ cosχ− 1
6
ǫ2
]
, (196)
the Nariai limit is given by ǫ → 0. In the Nariai limit, the space-time has the topology of S1 × S2 and
the metric is given by
ds2 =
1
Λ
(
sin2 χdψ2 − dχ2 − dΩ2) . (197)
Here coordinate χ has a period π. If we change the coordinates variables by
r = ln tan
χ
2
, t =
ψ
4
, (198)
we obtain
ds2 =
1
Λ cosh2 r
(−dt2 + dr2)+ 1
Λ
dΩ . (199)
This form corresponds to the conformal gauge in two dimensions.
There are in fact two opposite sources contributing to the thermal equilibrium, namely a radiation flux
coming from the cosmological horizon and the Hawking evaporation originated at the black hole horizon.
It is plausible that such a state might be unstable, since it could be affected by small perturbations of
the geometry.
It was demonstrated in by Bousso and Hawking [114], that a nearly maximal (or nearly degenerated)
Nariai black hole may not only evaporate —as shown in Ref. [79]— but also anti-evaporate [114]. In
other words, Nariai black holes actually develop two perturbative modes: an evaporating one and an
anti-evaporating one. The realization of this quantum process, carried out in Ref.[114], is based on the
s-wave approximation by the spherical reduction and the 2d conformal anomaly induced effective action
due to N dilaton coupled scalars.
In the model of [114], the possibility of evaporation or anti-evaporation (i.e., increase in size) of a
black hole of this kind is connected with the initial conditions chosen for the perturbations. The use of
the commonly employed Hartle-Hawking no-boundary conditions [127] shows that such black holes will
most likely evaporate.
The Nariai black holes are not asymptotically flat and they will never appear in the process of star
collapse. Nevertheless, they could actually be present in the early inflationary universe. There may be at
least two mechanisms to produce such multiple horizon BHs. First of all, they may appear via black holes
pair creation [128] in the inflationary Universe. Second, it is possible the direct quantum generation of
such objects [129] in effective dilatonic gravity models. In the model in Ref.[114], however, the primordial
multiple horizon black holes should quickly evaporate, and it is very unlikely that they could be detected
in the present universe.
However, a different model (with another matter content) for anti-evaporation of black holes has been
proposed in Refs. [130, 131], in which these difficulties may be solved. In that model, the quantum effects
of the conformally invariant matter have been taken into account. What is more interesting, this theory
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allows for the possibility of including not only scalar fields, but also fermionic and vector fields (typical
of all grand unified theories, GUTs), whose classical action is
S =
∫
d4x
√−g(4)
12
N∑
i=1
(
gαβ(4)∂αχi∂βχi +
1
6
R(4)χ2i
)
− 1
4
N1∑
j=1
Fj µνF
µν
j +
N1/2∑
k=1
ψ¯kD/ψk
 , (200)
and its quantum correction Γ is the sum of the conformal anomaly induced actionW , as given by Eq.(120)
(f = 1) and one corresponding to (125), and the action Γ′ deduced from the Schwinger-de Witt type
expansion :
Γ =W + Γ′,
W = b
∫
d4x
√−gFσ + b′
∫
d4x
√−g
{
σ
[
2✷2 + 4Rµν∇µ∇ν − 4
3
R✷+
2
3
(∇µR)∇µ
]
σ
+
(
G− 2
3
✷R
)
σ
}
− b+ b
′
18
∫
d4x
√−g [R− 6✷σ − 6(∇σ)(∇σ)]2 ,
Γ′ =
∫
d4x
√−g
{[
bF + b′G+
2b
3
✷R
]
ln
R
µ2
}
+O(R3). (201)
Here b =
(N+6N1/2+12N1)
120(4π)2 , b
′ = − (N+11N1/2+62N1)360(4π)2 , µ is a mass-dimensional constant parameter, and we
choose the spherically symmetric metric as
ds2 = e−2σ
 ∑
α,β=0,1
gαβdx
αdxβ + r20dΩ
2
 , (202)
where dΩ2 is the metric on the unit two-sphere. The parameter r0 is introduced by hands. Note that
the Schwinger-De Witt expansion is the corresponding power expansion with respect to the curvature.
Having introduced the parameter r0, the scalar curvature given by the metric gµν is of the order of 1/r
2
0 if
there is no singularity, as in the Nariai black hole. Therefore, if we choose r0 to be large, the Schwinger-de
Witt type expansion becomes exact.
Solving the quantum effective equations of motion derived from (200) and (201), we can find the
quantum analogue of the Nariai black hole, which has constant scalar curvature R = R0 and radius
eσ = eσ0 :
R0 =
{
2 + (ln(µr0))
−1
(
2b+ 3b′
b
+
9
512π2bGΛ
)}
+O
(
(ln(µr0))
−1
)
,
σ0 = − ln(µr0) + 1
2
ln
(
3µ2
2Λ
)
+(ln(µr0))
−1 µ2
8Λ
(
2b+ 3b′
b
+
9
512π2bGΛ
)
+O
(
(ln(µr0))
−1
)
. (203)
Here we assume r0 to be large. Then the metric in (202) has the following form:
ds2 = e2σ0+2ρ
(−dt2 + dr2 + r20dΩ2) , e2ρ = e2ρ0 ≡ 2CR0 · 1cosh2 (r√C) . (204)
Here C is a constant of integration.
Furthermore, we can find the perturbation around the solution:
ρ = ρ0 + ǫR(t, r) , σ = σ0 + ǫS(t, r) . (205)
42
If we assume R and S are the eigenfunctions with eigenvalue A of the Laplacian ∆ in the two-dimensional
hyperboloid, which corresponds to the subspace in the Nariai black hole, given by radial and time coor-
dinates
∆ = cosh2
(
r
√
C
)
∂+∂− , (206)
the perturbative equations of motion become two linear algebraic equations. From the condition that the
two equations have non-trivial solutions, the eigenvalue A can be determined.
The fate of the perturbed black hole is governed by the eigenvalue A of the Laplacian ∆. We now
consider the following function as an eigenfunction of ∆ in (206):
fA(t, r) = cosh tα
√
C coshα r
√
C , A ≡ α(α − 1)C
4
. (207)
Note that there is one to one correspondence between A and α if we restrict A > 0 and α < 0. The
horizon is given by the condition
∇σ · ∇σ = 0 . (208)
Substituting (207) into (208), we find the horizon is given by r = αt. Therefore on the horizon, we obtain
S(t, r(t)) = Q cosh1+α tα
√
C . (209)
This tells that the system is unstable if there is a solution 0 > α > −1, i.e., 0 < A < C2 . On the other
hand, the perturbation becomes stable if there is a solution where α < −1, i.e., A > C2 . The radius of
the horizon rh is given by
rh = e
σ = eσ0+ǫS(t,r(t)) . (210)
Let the initial perturbation is negative Q < 0. Then the radius shrinks monotonically, i.e., the black hole
evaporates in case of 0 > α > −1. On the other hand, the radius increases in time and approaches to the
Nariai limit asymptotically S(t, r(t))→ Qe(1+α)t|α|
√
C in case of α < −1. The latter case corresponds to
the anti-evaporation of black hole observed by Bousso and Hawking [114]. We should be more careful in
the case of A = C2 . When A =
C
2 , fA(r, t) is, in general, given by
fA(r, t) =
cosh
(
(t+ a)
√
C
)
cosh
(
r
√
C
) + sinh(b√C) tanh(r√C)
 . (211)
Then the condition (208) gives t+a = ∓(r−b). Therefore on the horizon, we obtain S(t, r(t)) = Q cosh b.
This is a constant, that is, there does not occur evaporation nor anti-evaporation. The radius of the
horizon does not develop in time. In classical case, we find A = C2 . Therefore the horizon does not
develop in time and the black hole does not evaporate nor anti-evaporate. The result is, of course,
consistent with that of [114].
The eigenvalue A is now explicitly given by
A =
C
2
+ (ln(µr0))
−1
a1 , a1 = 0 , or − (b+ b
′)C
8b′
(212)
Here we neglect the term of O
(
(ln(µr0))
−2
)
since we assume r0 is large. In the first solution for a1, the
horizon does not develop in time and we would need the analysis of the higher order of (ln(µr0))
−1
. An
43
important thing is the second solution is positive when
2N + 7N1/2 > 26N1. (213)
When a1 is positive, A >
C
2 , i.e., there occurs anti-evaporation. Since the equations of motion in the
model by Bousso and Hawking contain only second order derivatives, anti-evaporation is excluded there
by the no-boundary condition of Hartle and Hawking. The quantum effective equations of motion given
by (200) and (201), however, contain fourth order derivatives and there the anti-evaporation phenomenon
can be consistent with the no-boundary condition.
For the usual SO(10) GUT, which would be a typical elementary particle physics model in the early
universe , it is shown that anti-evaporation may occur there only in its SUSY version [131]. One may
conclude that the existence of primordial black holes in the present universe might be considered as an
indirect evidence for supersymmetry.
It could be really interesting to investigate the phenomena of the anti-evaporation in other types of
BHs. The natural candidate to think about is charged BH. Working in large N approach for dilaton
coupled quantum scalars we present below some quantum properties of 2d charged BHs. The corre-
sponding classical solutions have been found in [36] (see also ref.[132]). They may be considered as some
compactifications of Type II string solutions. Moreover, very naturally they may be considered as 2d
analog of Reissner-Nordstro¨m (RN) charged 4d BH.
We start from the action which has been considered by McGuigan, Nappi and Yost in ref.[36]. This
action follows from compactification of heterotic string theory:
S =
1
16πG
∫
d2x
√−ge−2φ (R+ 4(∇φ)2 + 4λ2 − 4F 2µν) . (214)
Note that above action has the form typical for 4d or 5d Einstein-Maxwell theory spherically reduced
to two dimensions. Hence, it can be considered as toy model to describe 4d or 5d BH with spherical
reduction.
It is remarkable that action (214) has the classical solutions which correspond to the 2d charged black
hole (2d analogue of Reissner-Nordstro¨m black hole) with multiple horizon. In the explicit form its metric
and dilaton look like [36, 132]
ds2 = − (1− 2me−2λx + q2e−4λx) dt2 + (1− 2me−2λx + q2e−4λx)−1 dx2
e−2(φ−φ0) = e2λx . (215)
Here q and m are parameters related to the charge and the mass of BH, respectively. The extremal
solution is given by putting q2 = m2. If we define new coordinates r and τ by
e−2λx =
m+ ǫ tanh 2λr
q2
, t =
q
ǫ
τ , ǫ2 ≡ m2 − q2 , (216)
r → +∞ corresponds to outer horizon and r → −∞ corresponds to inner horizon. Taking the limit
ǫ→ 0, we obtain
ds2 =
1
cosh2 λr
(
dτ2 − dr2) , e−2(φ−φ0) = 1
q
. (217)
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Note that the dilaton field becomes a constant in the limit.
We will discuss now the quantum corrections induced by N free conformally invariant dilaton coupled
scalars fi (no background scalars fi):
Sf = −1
2
∫
d2x
√−ge−2φ
N∑
i=1
(∇fi)2 . (218)
Using the effective action induced by the conformal anomaly plus conformally invariant part calculated in
the Schwinger-De Witt type expansion, we find the quantum analogue of the extremal solution in (217),
where φ and the scalar curvature are constant:
φ = φ0 , R = −2e2ρ∂2rρ = R0 ≡ −
8λ2e−2φ0
e−2φ0 − 2GN3
(219)
and the field strength of the gauge field is given in the conformal gauge by
F+− = Be2φ0+2ρ0 , B2 =
λ2e−4φ0
(
e−2φ0 − 4GN3
)
e−2φ0 − 2GN3
, e2ρ0 =
2C
R0
· 1
cosh2
(
r
√
C
) . (220)
As in the case of the Nariai black hole, we can investigate the (in)stability of the above solution by using
the eigenvalue A of the Laplacian in the hyperboloid and find
A
C
∼ 1
2
± 1
8
g
1
2 +O(g) , g ≡ 8GNe2φ0 . (221)
In the classical limit g = 0, there does not occur any kind of the radiation in the solution. Near the
classical limit g ∼ 0, there are solutions corresponding to both of stable and instable ones. It might be
surprising that there is an instable mode since the extremal solution is usually believed to be stable.
Hence, we presented the evidence [57, 114, 131] that anti-evaporation may be natural phenomenon
for different types of multiple horizon BHs. It may occur also for BTZ BH [133] as it was shown in ref.
[57]. Note once more that multiple horizon BHs are quite exotic objects. Even if they could present
in our Universe [128, 129] they should be rather rare in the present epoch. Nevertheless, even so there
are indications [115, 129] that instabilities in such BHs( proliferation of de Sitter space) may become
extremely important in the early Universe. In fact, their instability ( in particular, anti-evaporation)
could lead to kind of topological phase transition which may represent the mechanism of inflationary
Universe creation!
5 Quantum cosmology
In the present chapter we discuss the applications of the effective action found in chapter 3 to dilatonic
cosmology. We use two forms of effective action: s-wave effective action (obtained as 2d anomaly induced
action after spherical reduction) and 4d anomaly induced effective action. It is known that these two
approximations are different [134, 135], generally speaking. They lead to qualitatively the same results
only for sufficiently smooth backgrounds like black holes or not very quickly oscillating cosmologies. We
mainly use 4d anomaly induced effective action except first section where s-wave approximation is taken.
As one can see from results of this chapter it is possible to create quantum inflationary Universe (or more
generally, non-singular Universes) even in the presence of time-dependent dilaton.
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5.1 (Non)-singular Kantowski-Sachs Universe
It is quite common belief that two-dimensional dilatonic gravity may be useful only as toy model for the
study of realistic 4d gravity, especially in quantum regime. However, it is quite well-known (for example,
see refs.[136, 137]) that spherical reduction of Einstein gravity leads to some specific dilatonic gravity.
On the same time, spherical reduction of minimal 4d matter leads to 2d dilaton coupled matter.
The conformal anomaly for 2d conformally invariant, dilaton coupled matter and the correspondent
anomaly induced effective action have been extensively discussed in chapter 3. Using such anomaly
induced effective action (i.e. working in s-wave and large N approximation) and adding it to reduced
Einstein action one may study FRW or four-dimensional Kantowski-Sachs (KS) quantum cosmology [138]
in consistent way as it was done in refs.[77, 139] (for a discussion of 2d dilatonic quantum cosmology, see
for example [140, 141, 142, 143, 77] and references therein).
In the (mainly numerical) study of refs.[77] it was found that most of KS cosmologies under inves-
tigation are singular at the initial stage of the Universe evolution. The interesting question is : can we
construct (non) singular KS quantum cosmologies using purely analytical methods?
In the first part of this section, we answer to this question following to study of ref. [139]. Using the
analogy between KS cosmology and Schwarzschild BH (or its generalizations) after the interchange of
time and radial coordinates (see [138, 144]) we present the particular solution of quantum equations of
motion . This solution represents non-singular KS cosmology (expanding Universe with always non-zero
radius) which appears from Schwarzschild-de Sitter (or -anti de Sitter) BH after interchange of time and
radial coordinates. For purely induced gravity (when cosmology is defined completely by quantum effects
of matter) we present general analytical solution of quantum equations of motion. Unfortunately, in
situation under discussion all given examples of KS quantum cosmologies are singular.
We start from the action of Einstein gravity with N minimal real scalars and M Majorana fermions.
In order to apply large N approach N and M are considered to be large, N,M ≫ 1, G. We now
assume the spherically symmetric spacetime as in (160). Working in large N and s-wave approximation
one can calculate the quantum correction to Sred (effective action). Using 2d conformal anomaly for
dilaton coupled scalar and dilaton coupled spinor, one can find the anomaly induced effective action.
In the case of dilaton absence such induced effective action gives the complete effective action which is
valid for an arbitrary two-dimensional background. In the presence of dilaton as above the complete
effective action consists of two pieces. First one is induced effective action which is given actually for
any background but with accuracy up to conformally invariant functional. The second piece of it, i.e.
conformally invariant functional can not be found in closed form. We use Schwinger-De Witt technique
(curvature expansion) to calculate it. We keep only leading part of such expansion, for more detail and
explanation, see refs.[57, 59].
We choose the conformal gauge (145), (x± ≡ t± r) but it is often convenient to use the cosmological
time τ instead of t, where the metric is given by
ds2 = −dτ2 + e2ρdr2 + e−2φdΩ2. (222)
Since we have dτ = eρdt, we obtain ∂t = e
ρ∂τ and ∂
2
t = e
2ρ
(
∂2τ + ∂τρ∂τ
)
.
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We now consider a special solution corresponding to the (Wick-rotated) Nariai solution [126], where φ
is a constant : φ = φ0. Then from the effective equations written explicitly in [139], we find the solution
e−2φ0 =
(2N +M)G
6
+
1
2Λ
± 1
2
√
(2N +M)2G2
9
+
1
Λ2
− (8N + 6M)G
3Λ
(223)
The sign ± in (223) should be + if we require the solution coincides with the classical one e−2φ0 = 1Λ
in the classical limit of N,M → 0. On the other hand, in the solution with the − sign, we have
e−2φ0 ∼ (3N+2M)G3 → 0 in the classical limit. Therefore the second solution does not correspond to any
classical solution but the solution is generated by the quantum effects. The solution for e2ρ is given by
e2ρ =

2C
R0
1
cos2(t
√
C)
when R0 > 0
− 2CR0 1cosh2(t√C) when R0 < 0
. (224)
Here C > 0 is a constant of the integration and R0 is 2d scalar curvature, which is given by
R0 = 2e
−2ρ∂2t ρ = −
3Λ
(N +M)G
(
(2N +M)G
3
− 1
Λ
±
√
(2N +M)2G2
9
+
1
Λ2
− (8N + 6M)G
3Λ
)
. (225)
Note that 4d curvature R4 = R0 + 2e
2φ0 becomes a constant. It should be also noted that the solution
exists for the both cases: of positive Λ and negative Λ. In Eq.(225), the + sign corresponds to the
classical limit (N , M → 0). In the limit, we obtain R0 → 2Λ (R4 → 4Λ). On the other hand, the − sign
in Eq.(225) corresponds to the solution with − sign in (223) generated by the quantum effect. In the
classical limit for the solution, the curvature R0 in (225) diverges as R0 ∼ 32(N+M)G → +∞. Therefore
from (224), we find that e2ρ vanish. (Note that R0 > 0 in the limit) : e
2ρ = 4(N+M)GC
3 cos2(t
√
C)
→ 0. Therefore
by using (160), we obtain the following metric near the classical limit:
ds2 =
4(N +M)GC
3 cos2
(
t
√
C
) (−dt2 + dr2)+ (3N + 2M)G
3
dΩ2 . (226)
This is non-singular metric for fixed N , M .
It should be interesting to consider the limit Λ → 0, where there is no de Sitter or anti-de Sitter
solution at the classical level. In the limit, we can have a finite solution:
e−2φ0 → (3N + 2M)G
3
, e2ρ → (N +M)GC
3 cos2
(
t
√
C
) (R0 → 6
(N +M)G
)
. (227)
This tells that the Nariai space can be generated by the quantum effects even if Λ = 0.
The obtained solution (224) (and (226)) might appear to have a singularity when cos2
(
t
√
C
)
= 0
(for R0 > 0 case) but the singularity is apparent one. In fact the scalar curvature R0 in (225) is always
constant. If we change the conformal time coordinate t by the cosmological time τ in (222), we find that
the time cos2
(
t
√
C
)
= 0 corresponds to infinite future or past. In the following, we assume R0 > 0
for simplicity. R0 < 0 case can be easily obtained by changing the constant C → −C and analytically
continuing solutions. We now change the time-coordinate by τ =
√
2
R0
ln
(
1+tan
(
t
√
C
2
)
1−tan
(
t
√
C
2
)). Then the time
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cos2
(
t
√
C
)
= 0 (t
√
C = ±π2 ) corresponds to τ = ±∞. Using the cosmological time τ , we obtain the
following metric
ds2 = −dτ2 + 2C
R0
cosh2
(
τ
√
R0
2
)
dr2 + e−2φ0dΩ2 . (228)
Here e−2φ0 is given in (223). If we assume r has the periodicity of 2π, the metric describes non-singular
Kantowski-Sachs Universe, whose topology is S1 ×S2. The radius of the S2 is constant but the radius of
S1 has a minimum when τ = 0 and increases exponentially with the absolute value of τ .
Hence we found non-singular KS cosmology which exists on classical level and which also exists
on quantum level (as quantum corrected KS cosmology). This metric may be considered as the one
obtained from Schwarzschild-de Sitter (Nariai) BH (for positive cosmological constant) [126] and from
Schwarzschild-anti-de Sitter BH (for negative cosmological constant). To make the correspondence one
has to interchange time and radial coordinates assuming corresponding Wick-rotation. It is very interest-
ing that the last case (of negative cosmological constant) may be relevant to AdS/CFT correspondence
(see next chapter). We also found non-singular KS Universe which does not have the classical limit and
which is completely induced by quantum effects (even in the case of zero cosmological constant). Hence
we obtained expanding Universe with the radius which is never zero. This cosmology may be interesting
in frames of inflationary Universe as it can describe some sub-stage of inflationary Universe where there
is effective expansion only along one (or two) space coordinates.
Let us discuss now the situation when we live in the regime where quantum (non-local) anomaly
induced effective action gives major contribution to equations of motion. In other words, quantum
cosmology is defined completely by quantum effects (effective gravity theory which at some point makes
transition to classical gravity). As we will see in this case the equations of motion admit the analytical
solutions which lead to singular KS cosmology. We consider purely induced gravity, i.e. N,M →∞ case.
Then the Einstein action can be dropped away. For this case, the field equations admit the following
integral of motion [139]
I1 = e
ρ
[
(N +
2
3
M)ρ′ + 2N(ρ+ a)φ′
]
(229)
Here ′ = ddτ . For the case φ = const = φ0, we have the following solution of equations
r(τ) = const = e−φ0 , f(τ) = eρ = (f ′0τ + f0). (230)
For the solution (230), the scalar curvature is constant : R = 2 e2φ0 . For the case ρ = const = ρ0, we
have the solution of equations
ρ0 = −a, r(τ) = e−φ = (c1τ + c2)1+ 2M3N , c1, c2 = const. (231)
c2 = exp
( −3N φ0
2M + 3N
)
, c1 = c2
−3N φ′0
(2M + 3N)
(232)
Here φ0 and φ
′
0 are the values of φ and φ
′ at τ = 0, respectively. For the solution (231), the scalar
curvature has a singularity at τ = − c2c1 . If ρ 6= const, then we obtain the following special solution
f(τ) = eρ = f ′0τ + f0, r(τ) = e
−φ = c3 [a+ ln(f ′0τ + f0)]
1+ 2M3N . (233)
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Here f0 and f
′
0 are the values of f = e
ρ and f ′ at τ = 0 respectively. For the solution (233), the scalar
curvature has a singularity when τ = − f0f ′0 −
e−a
f0
. Similarly, other cases giving singular solutions may be
discussed.
Generalizing, we should note that the equation of motion admit one more integral besides I1 in (229).
It may be presented as follows
0 =
1
2
(ρ′)2 + V (ρ) , V (ρ) = − 6I2
N +M
ρ+ a− α
ρ+ a− β e
−2ρ . (234)
Here α ≡ − I218NI2 and β ≡ −
3(N+ 23M)
2
2N(N+M) . Note that β is negative and α is positive (negative) when I2 is
negative (positive).
Eq.(234) tells that there would be a curvature singularity when ρ + a → β ± 0. In fact, when
ρ + a ∼ β ± 0, we obtain from (234) (ρ′)2 ∼ Aρ+a−β , (A ≡ 12I2(β−α)e
2(a−β)
N+M . Therefore we find ρ + a =
β+
(
3A
2 (τ − τβ)
) 2
3 . Here τβ is a constant of the integration and ρ+ a = β when τ = τβ . Then the scalar
curvature R is always singular when ρ+ a ∼ β ± 0 except α = β case, when A vanishes (we should note
that A is finite when I2 = 0).
In the case α = β, (234) can be explicitly solved to give
eρ = ± 12I2
N +M
(τ − τ0) . (235)
Here τ0 is a constant of the integration. (235) tells that there is a singularity when τ = τ0. In case of the
expanding universe (+ sign in (235)), φ′ = 0, i.e., φ is a constant as in the Nariai space [126] (note that
there is a singularity even in this case, which is different from the Nariai space). On the other hand, in
case of the shrinking universe (− sign in (235)), there is a curvature singularity when τ − τ0 = −N+M12I2 e−a
besides τ = τ0. The analysis of all other sub-cases for explicit analytical solutions may be presented
without problems.
As it follows from above analysis in purely induced gravity case when expanding Universe is created by
the matter quantum effects one always gets the curvature singularity like in the case discussed in ref.[77].
Nevertheless, it is remarkable that equations of motion in this case admit analytical solutions. Hence,
using s-wave and large N approximation we studied gravitational equations of motion with quantum
corrections. The analytical solutions representing (non) singular KS cosmology are found.
In [77], it has been considered N = 1 2d dilatonic supergravity (SG), 2d dilatonic SG obtained by
dimensional reduction from N = 1 4d SG, N = 2 2d dilatonic SG and string-inspired 4d dilatonic SG. We
use the conformal anomaly induced effective action due to dilaton-coupled conformal matter as a quantum
correction (for 4d models s-waves approximation is additionally applied). The solutions of the equations
of motion have been numerically investigated for 2d and 4d FRW or 4d Kantowski-Sachs Universes with
a time-dependent dilaton. The evolution of the corresponding quantum cosmological models is given for
different choices of initial conditions and theory parameters. In most cases one finds quantum singular
Universes. Nevertheless, there are examples of Universe non-singular at early times.
The general N = 1 action of 2d dilatonic supergravity is given in terms of general functions of the
dilaton C(φ), Z(φ), f(φ) and V (φ) in section 3.6. As we are going to work in large N approximation
we may take into account only matter quantum effects. Since we presently considering the cosmological
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problem, we assume that all the fields depend only on time t. Choosing the (super)conformal gauge
(145), equations of motion can be solved numerically for several parameters with the initial condition
φ = ρ = dφdt =
dρ
dt = 0 at t = 0. Especially for the supersymmetric extension of the CGHS type model
where
C(φ) = 2e−2φ , Z(φ) = 4e−2φ , V (φ) = 4λe−2φ . (236)
Typical graphs are given in [77] for CGHS type model. We also calculated the two-dimensional scalar
curvature R. (As again solution under discussion may be understood as 4d KS Universe or 2d FRW-type
cosmology with non-trivial dilaton.) In Figures in [77], there appeared several types of the behavior of the
conformal factor ρ and dilaton field φ. In a solution, both the conformal factor ρ and dilaton φ increase
monotonically with time and there is a curvature singularity in a finite conformal time. We should note
that there was not found a solution where ρ monotonically increases with time in the bosonic model. If
ρ diverges near the singularity, the singularity will appear in the infinite future of the cosmological time
defined by
dtˆ = eρdt . (237)
Note gtt = 1 when we use the cosmological time tˆ. It should be also noted that there will not appear any
singularities in the two-dimensional scalar curvature in these solutions. As a rule, φ increases monoton-
ically in time but ρ increases first and decreases later, which means that the universe expands first and
then later shrinks. In another solution, φ oscillates and ρ decreases with small oscillation which means
that an oscillating shrinking universe is realized. The scalar oscillating curvature goes to zero.
For the model reduced from 4d Einstein gravity with a cosmological term and matter described by
N minimal scalars coupled to the metric with spherical symmetry, we concentrate on the spherically
symmetric metrics of Kantowski-Sachs form where gµν = a
2(t)ηµν . Such a metric describes a Universe
with a S1 × S2 spatial geometry. Typical graphs for the numerical calculation are also given in [77].
The curvature singularity seems always to appear, at least in cases under discussion. As a rule, both the
dilaton field φ and the conformal factor ρ increase monotonically in time as in a solution in CGHS type
model. If we regard the solution as describing a universe of the Kantowski-Sachs form with the topology
S2 × S1, the radius of S2, which is given by e−φ, decreases to zero but the radius of S1, which is given
by e2ρ, increases. Note that the radius of S1 corresponds to the radius of the universe when we regard
this model as a two dimensional one. The four-dimensional scalar curvature increases first and goes
to minus infinity. In another solution, φ increases monotonically and ρ decreases at first but increases
infinitely after that. This means S2 shrinks but the S1 factor shrinks at first and later expands. The
four-dimensional scalar curvature goes to zero at first but increases to infinity later. The dilaton field φ
always increases and runs away to the singularity, which means S2 in Kantowski-Sachs universe shrinks
to a point, which causes the curvature singularity. When we regard the model as a two-dimensional one,
the radius of the universe goes to infinity at the final stage in the cases under discussion. We see that at
t = 0 there is no singularity in most of our cases. However, at late times there is as a rule singularity.
Note that the behavior of our cosmologies at late times is not so important as other effects should define
late time structure of the Universe.
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The low-energy effective action of the dilaton gravity sector in the superstring may be given by
S =
∫
d4x
√−ge−φ−φ∗ (R− 6∇µφ∇µφ∗) + · · · . (238)
Here · · · denotes the terms containing moduli, gauge fields, which depend on the detail of the compactifi-
cation, and fermionic fields. On the background where the dilaton field φ is real, one takes the non-local
effective actionW . We now assume φ is real and that the conformally flat fiducial metric is gµν = e
2σηµν .
Some examples of the numerical solutions of effective equations are given in [77]. An interesting thing is
that 4d scalar curvature oscillates as a trigonometric function. In a solution, both of the dilaton field φ
and the conformal factor σ slowly increase monotonically but the scalar curvature vibrates rather quickly
like trigonometric functions but the amplitude slowly increases.
Hence, unlike the case of pure Einstein gravity with conformal matter, it is more difficult to realize
the inflationary Universe in quantum theory with dilaton under consideration. Nevertheless, there are
cases presented above where it is possible.
5.2 Inflationary Brans-Dicke quantum Universe
In the present section we apply the anomaly induced effective action for dilaton coupled spinor (Section
3.4) in the construction of inflationary Brans-Dicke Universe [145].
As it has been already mentioned, Brans-Dicke theory (for a review, see [146]) represents one of
the simplest examples of scalar–tensor (or dilatonic) gravities where the background is described by the
metric and the dilaton. Even low–energy string effective action (for a recent review, see [147]) may be
considered as some kind of BD theory (with higher order terms).
Let us start from the standard Brans-Dicke 4-dimensional action in the Jordan frame:
SBD =
1
16π
∫
d4x
√−g
[
φR − ω
φ
(∇µφ)(∇µφ)
]
+ SM , (239)
where φ is the Brans-Dicke (dilaton) field with ω being the coupling constant and SM is the matter
action.
It has been argued (for a review, see [148]) that only the action in the Einstein frame is physically
relevant. For this reason, one may prefer working within this frame, performing the following transfor-
mations
g˜µν = Gφgµν , φ˜ =
√
2ω + 3/(16π) lnφ 2ω + 3 > 0 . (240)
Thus, the classical action in the Einstein frame reads
S =
∫
d4x
√
−g˜(x)
[
R˜
16πG
− 1
2
(∇˜µφ˜)(∇˜µφ˜) + exp (Aφ˜)LM (g˜)
]
, (241)
where A = −8
√
πG
2ω+3 . Below, we consider the theory in the Einstein frame as physical theory, (no tilde
will be written). As matter Lagrangian we take the one associated with N massless (Dirac) spinors, i.e.
LM =
N∑
i=1
ψ¯iγ
µ∇µψi . (242)
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The choice (242) is made only for the sake of simplicity.
Our purpose here will be to show the role of quantum effects associated with dilaton coupled spinors
to cosmological problems in BD gravity. Assuming N sufficiently large (to allow for the large N approxi-
mation) one can neglect in such investigation the proper quantum gravity corrections. The corresponding
4d anomaly induced EA for dilaton coupled spinors (section 3.4) will be used. Hence, starting from the
theory with the action
S =
∫
d4x
√−g
[
R
16πG
− 1
2
(∇µφ)(∇µφ) + exp (Aφ)
N∑
i=1
ψ¯iγ
µ∇µψi
]
, (243)
we will discuss FRW type cosmologies
ds2 = −dt2 + a(t)2dl2 , (244)
where dl2 is the line metric element of a 3-dimensional space with constant curvature Σ, namely k = 1
(Σ = S3), k = 0 (Σ = R3) or k = −1 (Σ = H3). Introducing the conformal time η, one gets a space–time
which is conformally related to an ultrastatic space–time with constant curvature spatial section M ,
namely
gµν = e
2σ(η)g¯µν , (245)
The computation of the anomaly induced EA for the dilaton coupled spinor field has been done in
Section 3.4:
W =
∫
d4x
√−g¯
{
bF¯σ1 + 2b
′σ1
[
✷¯
2 + 2R¯µν∇¯µ∇¯ν − 2
3
R¯✷¯+
1
3
(∇¯µR¯)∇¯µ
]
σ1
+ b′σ1
(
G¯− 2
3
✷¯R¯
)
− 1
18
(b+ b′)
[
R¯− 6✷¯σ1 − 6(∇¯µσ1)(∇¯µσ1)
]2}
, (246)
where σ1 = σ +Aφ/3. For Dirac spinors b =
3N
60(4π)2 , b
′ = − 11N360(4π)2 .
Generally speaking, it should be noted that the complete one-loop EA is given by the anomaly–
induced EA presented above, plus some conformally invariant functional which is the EA computed in
the reference metric g¯µν . In our case, this second term is rather trivial (actually, it is a k–dependent
constant), being the EA of a free spinor field in an ultrastatic space–time with constant spatial section
(for a discussion of such effective actions, see [149]). For example, for the flat case (k = 0), which we
only consider, g¯µν = ηµν , and as a consequence, W gives the complete non-trivial EA! Then, the effective
action becomes
W = V3
∫
dη
{
2b′σ1σ′′′′1 − 2(b+ b′)
(
σ′′1 − σ′12
)2}
. (247)
Here, V3 is the (infinite) volume of 3-dimensional flat space and
′ ≡ d/dη and σ = ln a where a(η) is the
scale factor.
The total one–loop EA may be written adding to W the classical action for k = 0:
S = V3
∫
dη
[
6
16πG
(σ′′ + σ′2)e2σ +
1
2
φ′2e2σ
]
. (248)
Having in mind the inflationary Universe solution, one can get the special solution of effective equations
as
a(η) =
1
Hη
, φ′(η) =
1
H1η
, (249)
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where H and H1 are some constants. Their explicit values are:
H1 =
√
4πG
[
− 3
16
√
2ω + 3±
√
81
4
(2ω + 3)− 1
6
]
, H2 ≃ − 1
16πGb′
− 1
24H21b
′ (250)
Transforming back to the physical time t, one obtains the a(t) = 1/C exp (∓Ht). Choosing the plus sign
gives rise to the inflationary universe (in dilaton absence such solution has been found in refs.[150, 151]).
In this case, φ ∼ HH1 t, namely the dilaton is expanding with time, but much slower than the scale factor.
Summarizing, we have presented explicitly one special analytic solution describing Brans-Dicke non-
singular Universe with a (much slower) expanding dilaton. It should be noted that this is a purely
quantum solution which does not exist at classical level. In similar way one can study Brans-Dicke
quantum cosmologies for other types of dilaton coupled matter, as well as their properties (like stability)
at late times. It is interesting that induced dilatonic gravities may be studied in a similar fashion. For
example, starting from the Lagrangian of local superconformally invariant N = 4 super YM theory in the
background of N = 4 conformal supergravity (see [152, 153, 154] for introduction and review) one can
find Weyl anomaly [155]with account of dilaton for such YM theory. Then, the construction of quantum
inflationary Universe from super YM theory is also possible.
5.3 Primordial wormholes at the early Universe
The wormholes are puzzling topological objects (kind of handles of topological origin) which attract
much attention in General Relativity for years. It is not strange as they may be considered as bridges
joining two different Universes or two separate regions of the same Universe (for an introduction, see
refs.[156, 157]). There are many speculations related with hypothetical effects which may be expected
near wormholes.
Moreover, it is known that wormholes usually cannot occur as classical solutions of gravity (with
matter) due to violations of energy conditions [156, 157]. Nevertheless, one can expect that primordial
wormholes may present at the very early Universe where quantum effects play an essential role (or yet
in fundamental M-theory, see,for example, [158]).
Indeed as it was shown in ref.[159] (see also [160]) using quantum stress tensor for conformal scalar
on spherically symmetric space and in ref.[161] using one-loop effective action in large N and s-wave
approximation for minimal scalar there may exist semiclassical quantum solution corresponding to a
Lorentzian wormhole connecting two asymptotically flat regions of the Universe. The corresponding
spherically symmetric wormhole solution has been found numerically in both approximations [159, 161]
as well as analytically [161]. That shows the principal possibility of inducing primordial wormholes at
the early Universe (in its quantum regime). However above discussion has been limited strictly to scalar
matter. And what happens if other types of matter are included? Hence, the very natural question is:
Can primordial wormholes be induced from GUTs at the early Universe?
In this section, following to ref.[162] we give positive answer to this question for spherically symmetric
wormholes. As we will see the object under consideration may be understood as 4d wormhole or as
2d topological object with non-trivial dilaton. We use 4d conformal anomaly induced effective action
53
in one-loop and large N approximation. Then the effective equations for an arbitrary massless GUT
containing conformal scalars, spinors and vectors may be explicitly obtained for two forms of spherically
symmetric background. Numerical wormhole solution of these equations may be obtained for N = 4
super Yang-Mills theory. It is observed that it depends on the choice of the initial conditions.
Let us start from Einstein gravity with N0 conformal scalars χi, N1 vectors Aµ and N1/2 Dirac spinors
ψi. The above matter content is typical for asymptotically free GUT at high energies as interaction
terms and masses at strong curvature are negligible due to asymptotic freedom. For finite GUTs or
asymptotically non -free GUTs one should not include masses if consider only conformally invariant
theories and interaction plays no role as anyway we consider purely gravitational background.
The convenient choice for the spherically symmetric space-time is the following:
ds2 = f(φ)
[
f−1(φ)gµνdxµdxν + r20dΩ
]
. (251)
where µ, ν = 0, 1, gµν and f(φ) depend only from x
1 and r20 is non-essential constant.
The calculation of matter effective action on the background (251) may be done in the standard way
as it was presented in chapter 3. In the calculation of effective action, one presents effective action as
: Γ = Γind + Γ[1, g
(4)
µν ] where Γind = Γ[f, g
(4)
µν ] − Γ[1, g(4)µν ] is conformal anomaly induced action, g(4)µν is
metric (251) without multiplier in front of it, i.e., g
(4)
µν corresponds to
ds2 =
[
g˜µνdx
µdxν + r20dΩ
]
, g˜µν ≡ f−1(φ)gµν . (252)
The conformal anomaly for above matter is written in section 3.3 (no dilaton)
T = b
(
F +
2
3
✷R
)
+ b′G+ b′′✷R (253)
where b =
(N0+6N1/2+12N1)
120(4π)2 , b
′ = − (N0+11N1/2+62N1)360(4π)2 , b′′ = 0.
Conformal anomaly induced effective action Γind is:
W = b
∫
d4x
√−gFσ + b′
∫
d4x
√−g
{
σ
[
2✷2 + 4Rµν∇µ∇ν − 4
3
R✷+
2
3
(∇µR)∇µ
]
σ
+
(
G− 2
3
✷R
)
σ
}
− 1
12
(
b′′ +
2
3
(b+ b′)
)∫
d4x
√−g [R − 6✷σ − 6(∇σ)(∇σ)]2 (254)
where σ = 12 ln f(φ), and σ-independent terms are dropped. All 4-dimensional quantities (curvatures,
covariant derivatives) in Eq.(254) should be calculated on the metric (252). Γ[1, g
(4)
µν ] is given as follows:
Γ[1, g(4)µν ] =
∫
d4x
√−g
{[
bF + b′G+
2b
3
✷R
]
ln
R
µ2
}
+O(R3) (255)
where µ is mass parameter, all the quantities are calculated on the background (252). The condition of
application of above expansion is |R| < R2 (curvature is nearly constant)..
One can get the equations of motion from the above effective Lagrangian S + Γ which is effectively
two-dimensional object. Note that extra scalar (dilaton) appears after reduction to two-dimensional
gravity. In the following, it is convenient to work in the conformal gauge (145) after considering the
variation of the effective action Γ + S with respect to two-dimensional metric gµν and σ. Note that the
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tensor gµν under consideration is the product of the original metric tensor and the σ-function e
−2σ, the
equations given by the variations over gµν are the combinations of the equations given by the variation
over the original metric and σ-equation.
It often happens that we can drop the terms linear in σ. In particular, one can redefine the corre-
sponding source term as it is in the case of infra-red sector of 4d quantum gravity. In the following, we
only consider this case. Then the equations of motion given by variations of S + Γind + Γ[1, g
(4)
µν ] are
written in [162]( they are too lengthy to write down it here). Now the real four-dimensional metric is
given by
ds2 = −e2σ+2ρdx+dx− + r20e2σdΩ2 . (256)
It is convenient to make the following change: ∂r = e
ρ+σ∂l. Using the new radial coordinate l, the metric
(256) is rewritten as follows:
ds2 = −f(l)dt2 + dl2 + r(l)2dΩ2 , f(l) = e2σ+2ρ , r(l) = r0eσ . (257)
Here f(l) is called a redshift function and r(l) is a shape function. If f(l) and r(l) are smooth positive-
definite functions, which satisfy the conditions:
f(l)→ 1, r(l)→ l when |l| → ∞
f(l), r(l)→ finite when |l| → 0 , (258)
the metric expresses the wormhole which connects two asymptotically flat universes.
In the choice of the metric (257), the equations of motion contain the 6th order derivatives of ρ, ∂6l ρ
and the 4th order derivatives of σ. Therefore we need to impose the initial conditions including 5th order
derivative of ρ and 3rd order derivative of σ, say:
∂lρ|l=0 = ∂2l ρ|l=0 = ∂3l ρ|l=0 = ∂4l ρ|l=0 = ∂5l ρ|l=0 = ∂lσ|l=0 = ∂2l σ|l=0 = ∂3l σ|l=0 = 0 . (259)
We should also note that all the equations of motion are not the dynamical equations of motion but the
combinations with the constraint. One can prove numerically that at least for some initial conditions
GUTs at the early Universe may help in producing of primordial wormholes. It is of course the open
question which particular initial conditions lead to more stable configuration. Moreover, due to compli-
cated structure of field equations and initial conditions itself we cannot classify from the very beginning
the initial conditions as supporting (or not) wormholes production. Nevertheless for any specific GUT
under discussion above study may be easily repeated and principal possibility of wormholes inducing may
be shown at least numerically.
In summary, we discussed the applications of the effective action in the construction of consistent
non-singular Universe induced by quantum effects. The examples of such cosmologies even with non-
trivial dilaton have been indeed presented. Note that the presence of dilaton could be consistent with
observations as it quickly decays to zero. Other cosmological solutions may be constructed in the similar
fashion. In order to understand their relevance to observational data one should study their properties
in more detail.
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6 Dilatonic gravity and Anti-de Sitter/Conformal Field Theory
correspondence
In the present Chapter we discuss the properties of classical five dimensional dilatonic gravity (IIB
supergravity bosonic sector), in particularly, its classical solutions. Using bulk-boundary correspondence
this study may help in understanding of strong coupling limit of quantum gauge field theory. Hence,
volume classical physics turns out to describe simultaneously surface quantum physics. Note that there
exists an excellent review on AdS/CFT correspondence [163] so we concentrate mainly on issues where
the presence of dilaton is important as it changes the properties of theory drastically.
6.1 Axion-dilatonic conformal anomaly from AdS/CFT correspondence
In this section, we show how one can find large N conformal anomaly with dilaton and axion from 5d AdS
dilatonic gravity. First of all, we remind few simple facts about anti-de Sitter space. D dimensional anti-
de Sitter space can be realized by imposing a constraints on D+1 coordinates: −x20+x21+· · ·x2D−1−x2D =
−L2. From this realization, it is easy to see that this space has SO(D − 1, 2) symmetry as isometry.
The algebra of SO(D − 1, 2) symmetry is the same as the algebra of conformal transformations acting
on D − 1 dimensional Minkowski space.
In an adequate coordinate choice (actually, there are many different coordinate choices), the metric
on the D-dimensional anti-de Sitter space is given by
ds2AdS = ρ
−2dρ2 + ρ−1
D−2∑
i,j=0
ηijdx
idxj . (260)
Here η is the metric on the flat D − 1-dimensional Minkowski space. We should note that there is a
boundary when ρ vanishes. The topology of the boundary is almost that of the D − 1 dimensional
Minkowski space, or more exactly, Minkowski space with a point at infinity, that is, topologically com-
pactified Minkowski space. On the boundary manifold, SO(D − 1, 2) acts exactly as usual conformal
transformation. When we consider the surface with fixed finite ρ, there is a correction proportional ρ
only in the conformal boost but the correction vanishes just on the boundary, that is, in the limit that ρ
vanishes.
AdS/CFT correspondence (or bulk/boundary) is conjectured in ref.[164]. When N p-branes in su-
perstring theory or so-called M-theory coincide with each other and the coupling constant is small, the
classical supergravity on AdSD=d+1=p+2, which is the low energy effective theory of superstring or M-
theory, is, in some sense, dual to large N conformal field theory on Md, which is the boundary of the
AdS. For example, d = 2 case corresponds to (4,4) superconformal field theory, d = 4 case corresponds
to U(N) or SU(N) N = 4 super Yang Mills theory and d = 6 case to (0,2) superconformal field theory.
The conjecture tells that partition function in d-dimensional conformal field theory is given in terms
of the classical action in d+ 1-dimensional gravity theory:
Zd(φ0) = e
−SAdS(φclassical(φ0)) . (261)
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Here φ0 is the value of the field φ on the boundary and φ
classical(φ0) is a field on bulk background, which is
AdS, given by solving the equations of motion with the boundary value φ0 on M
d. SAdS
(
φclassical(φ0)
)
is
the classical gravity action on AdS. When we substitute the classical solution into the action, the action, in
general, contains infrared divergences coming from the infinite volume of AdS. Then we need to regularize
the infrared divergence. It is known that as a result of the regularization and the renormalization there
often appear anomalies. In ref.[165] Witten made the proposal how to calculate the conformal anomaly(
quantum object) from classical gravity (bulk) side. This proposal has been worked out in detail in
ref.[166] (for Einstein gravity) where it was shown that the conformal (Weyl) anomaly may be recovered
after regularizing the above infrared divergence (from bulk side- Einstein theory). The usual result for
conformal anomaly of boundary QFT thus may be reproduced. This is a kind of IR-UV duality.
In [167], the conformal anomaly from 5d dilatonic gravity was investigated. Let us briefly describe
this calculation. We start from the action of d+ 1-dimensional dilatonic gravity with boundary terms
S =
1
16πG
[∫
Md+1
dd+1x
√
−Gˆ
{
Rˆ+X(φ)(∇ˆφ)2 + Y (φ)∆ˆφ+ 4λ2
}
+
∫
Md
ddx
√
−gˆ
(
2∇ˆµnµ + α
)]
. (262)
Here Md+1 is d + 1 dimensional manifold, which is identified with AdSd+1 and nµ is the unit vector
normal to the boundary manifold Md. α is a parameter which is chosen properly. The boundary terms
play a role for cancellation of the leading infrared divergences which guarantee the system depends only
on the boundary value. In Eq.(262) X(φ) and Y (φ) are arbitrary functions depending on dilaton φ. Note
that the arbitrariness of X(φ) and Y (φ) can be absorbed into the redefinition of the dilaton. In fact, if
we define new dilaton field ϕ by
ϕ ≡
∫
dφ
√
2V (φ) , V (φ) ≡ X(φ)− Y ′(φ) , (263)
the action (262) can be rewritten by using partial integration as follows:
S =
1
16πG
[∫
dd+1x
√
−Gˆ
{
Rˆ + 2(∇ˆϕ)2 + 4λ2
}
+
∫
Md
ddx
√
−gˆ
(
2∇ˆµnµ + α+ Y (φ)nµ∂µφ
)]
. (264)
The φ dependent term on Md does not finally contribute to Weyl anomaly. We keep, however, X(φ)
and Y (φ) as arbitrary functions for the later convenience. Note also that boundary term may be used to
present the action as the functional of fields and their first derivatives [168].
As in [169], we choose the metric Gˆµν on Md+1 and the metric gˆµν on Md in the following form:
ds2 ≡ Gˆµνdxµdxν = l
2
4
ρ−2dρdρ+
d∑
i=1
gˆijdx
idxj , gˆij = ρ
−1gij . (265)
Here l is related with λ2 by 4λ2 = −d(d − 1)/l2. Note that the expression of the metric (265) has a
redundancy. In fact, the expression (265) is invariant if we change ρ and gij by
δρ = δσρ , δgij = δσgij . (266)
Here δσ is a constant parameter of the transformation. The transformation (266) can be regarded as the
scale transformation on Md.
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When d is even, we can expand φ and gij as power series of ρ:
φ = φ(0) + ρφ(1) + ρ
2φ(2) + · · · ρ d2 φ(d/2) − ρ d2 ln ρψ +O(ρ d2+1) (267)
gij = g(0)ij + ρg(1)ij + ρ
2g(2)ij + · · ·+ ρ d2 g(d/2)ij − ρ d2 ln ρhij +O(ρ d2+1) .
Here we regard φ(0) and g(0)ij as independent fields onMd and φ(l), g(l)ij (l = 1, 2, · · ·), ψ and hij as fields
depending on φ(0) and g(0)ij by using equations of motion. Then the action (264) diverges in general since
the action contains the infinite volume integration on Md+1. The action is regularized by introducing the
infrared cutoff ǫ5 and replacing∫
dd+1x→
∫
ddx
∫
ǫ
dρ ,
∫
Md
ddx
(
· · ·
)
→
∫
ddx
(
· · ·
)∣∣∣
ρ=ǫ
. (268)
The terms proportional to the (inverse) power of ǫ in the regularized action are invariant under the scale
transformation
δg(0)µν = 2δσg(0)µν , δǫ = 2δσǫ , (269)
which corresponds to (266). Then the subtraction of these terms proportional to the inverse power of ǫ
does not break the invariance under the scale transformation. When d is even, however, the term propor-
tional to ln ǫ appears. The term is not invariant under the scale transformation (269) and the subtraction
of the ln ǫ term breaks the invariance. The variation of the ln ǫ term under the scale transformation (269)
is finite when ǫ → 0 and should be canceled by the variation of the finite term (which does not depend
on ǫ) in the action since the original action (264) is invariant under the scale transformation. Therefore
the ln ǫ term Sln gives the Weyl anomaly T of the action renormalized by the subtraction of the terms
which diverge when ǫ→ 0
Sln = −1
2
∫
d4x
√−g(0)T . (270)
First we consider the case of d = 2. Choosing α to satisfy the equation α = 2l and using the
replacement in (270), we find the action (264) has the following form
S = − 1
16πG
l
2
ln ǫ
∫
d2x
√−g(0) {R(0) +X(φ(0))(∇φ(0))2 + Y (φ(0))∆φ(0)}+ finite terms . (271)
Then we find an expression of the Weyl anomaly T by using (270)
T =
l
16πG
{
R(0) +X(φ(0))(∇φ(0))2 + Y (φ(0))∆φ(0)
}
. (272)
This result could be compared with the UV-calculation of the conformal anomaly of dilaton coupled N
scalars and M Majorana dilaton coupled spinors from chapter 3:
l
16πG
=
2N +M
48π
,
l
16πG
X(φ(0)) = −N
4π
(
f ′′
2f
− f
′2
4f2
)
− M
24π
(
g′′
g
− g
′2
g2
)
,
l
16πG
Y (φ(0)) = −N
4π
f ′
2f
− M
24π
g′
g
. (273)
5 From the viewpoint of the supergravity, the cutoff ǫ can be regarded as infrared (IR) cutoff regularizing the infinte
volume of Md+1, which can be AdSd+1. From the viewpoint of the d-dimensional field theory, the cutoff ǫ corresponds to
the ultraviolet (UV) cutoff as in the present calculation of conformal anomaly. This is nothing but the IR/UV duality in
AdS/CFT correspondence.
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The above result should give the conformal anomaly computed from the asymptotic symmetry algebra
of AdS3 with dilaton, as it was the case in the absence of dilaton [170].
We now consider the case of four dimensions. The calculation similar to that in 2 dimensions leads
to the term Sln proportional to ln ǫ in the action, which contains g(0)ij , g(1)ij , φ(0), and φ(1). Using the
equations of motion given by the variation of g(1)ij and φ(1), g(1)ij and φ(1) can be solved with respect
to g(0)ij and φ(0). After deleting g(1)ij and φ(1), we obtain the following expression :
Sln =
l3
16πG
∫
d4x
√−g(0) [1
8
R(0)ijR
ij
(0) −
1
24
R2(0) +
1
2
Rij(0)∂iϕ(0)∂jϕ(0) (274)
−1
6
R(0)g
ij
(0)∂iϕ(0)∂jϕ(0) +
1
4
{
1√−g(0)∂i
(√−g(0)gij(0)∂jϕ(0))
}2
+
1
3
(
gij(0)∂iϕ(0)∂jϕ(0)
)2 .
Here we choose α to be α = 6l and using V (φ(0)), which is defined in (263), the field ϕ(0) is defined by
ϕ(0) ≡
∫
dφ(0)
√
2V (φ(0)) in a similar way to (263).
The Weyl anomaly coming from the multiplets of N = 4 supersymmetric U(N) or SU(N) Yang-Mills
conformally coupled with N = 4 conformal supergravity was calculated in [155]:
T = − N
2
4(4π)2
[
2
(
RijR
ij − 1
3
R2
)
+ F ijFij (275)
+4
{
2
(
Rij − 1
3
Rgij
)
∂iϕ
∗∂jϕ+
∣∣∣∣ 1√−g∂i (√−ggij∂jϕ)
∣∣∣∣2
}
+ · · ·
]
.
Here Fij is the field strength of SU(4) gauge fields, ϕ is a complex scalar field which is a combination of
dilaton and RR scalar (or axion) and “· · ·” expresses the terms containing other fields in N = 4 conformal
supergravity multiplet and higher powers of the fields.
If we choose
l3
16πG
=
2N2
(4π)2
, (276)
and consider the background where only gravity and the real part of the scalar field ϕ in the N =
4 conformal supergravity multiplet are non-trivial and other fields vanish in (275), Eq.(274) exactly
reproduces the result in (275) by using (270). It is interesting that last term in (275) actually gives the
correct dilatonic dependent contribution to conformal anomaly of dilaton coupled electromagnetic field.
It corrects the failed result obtained in section 3.5 by convenient methods.
Hence, we got d = 2 and d = 4 holographic conformal anomaly for dilaton coupled theories from
supergravity side. The results of this study give further check of AdS/CFT correspondence in the presence
of dilaton. We should note that it has been also found agreement [171, 172] between AdS/CFT conformal
anomaly and perturbative QFT anomaly in N = 2 SCFT even in the next to leading order term.
In [173], it was investigated 5d dilaton-axionic AdS gravity, whose action is actually motivated by
bosonic sector of IIB SG model due to Gibbons, Green and Perry[174] which contains axion. Such
investigation is necessary in order to check the possibility that the fields besides the graviton and dilaton
, say axion field, could not spoil AdS/CFT correspondence. Therefore it would be important that
background axion and dilaton are kept in the calculation of conformal anomaly. The starting action in
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[173] is given by
S =
1
16πG
{∫
Md+1
dd+1x
√
−Gˆ(Rˆ +X(φ, χ)(∇ˆφ)2 + Y (φ, χ)∆ˆφ
+Z(φ, χ)(∇ˆχ)2 +W (φ, χ)∆ˆχ+ 4λ2) +
∫
Md
ddx
√
−gˆ(2∇ˆµnµ + α)
}
. (277)
Here χ is axion (or RR-scalar). The bosonic action of IIB SG in [174] represents the special case of the
above action. If we define X1
X2
 ≡
 φ
χ
 , hµν ≡
 X − ∂Y∂φ − 12 (∂W∂φ + ∂Y∂χ )
− 12
(
∂W
∂φ +
∂Y
∂χ
)
Z − ∂W∂χ
 , (278)
the action (277) can be rewritten, after partial integration, in the form of the sigma model, whose target
space coordinates are φ and χ. After explicit calculations, similar to pure dilaton case above we obtain
the following final expression for Sln, which is relevant to the anomaly,
Sln =
1
16πG
∫
d4x
√−g
[
l3
(
− 1
24
R2 +
1
8
RijR
ij
)
+
l3
4
Rijhµν∂iX
µ∂jX
ν (279)
− l
3
12
Rhµν (∂X
µ · ∂Xν)− l
3
24
{hµν (∂Xµ · ∂Xν)}2 + l
3
8
hµνhρσ (∂X
µ · ∂Xρ) (∂Xν · ∂Xσ)
+
l8
8
hµν
{△Xµ + Γµρσ (∂Xρ · ∂Xσ)}{△Xν + Γντη (∂Xτ · ∂Xη)}] .
Here (∂Xµ · ∂Xν) ≡ gij∂iXµ∂jXν and Γµνρ is a connection on the target manifold: Γµνρ = 12hµτ (hντ,ρ + hρτ,ν − hνρ,τ ).
If we put
hµν =
 2 0
0 c
 , (c is an arbitrary constant), X2 = 0 (280)
the previous result in [167] (see Eq.(274)) for dilatonic gravity can be reproduced.
Furthermore, if we choose the action as motivated by the bosonic sector of type IIB supergravity with
RR-scalar [174]
S =
1
16πG
∫
Md+1
dd+1x
√
−Gˆ
(
Rˆ +
1
2
(∇ˆφ)2 + 1
2
e2φ(∇ˆχ)2
)
. (281)
the result in (275) can be reproduced if we choose
l3
16πG
=
2N2
(4π)2
, ϕ = φ+ eφχ , ϕ∗ = −φ+ eφχ (282)
and consider the background where only gravity and the complex scalar field ϕ in the N = 4 conformal
supergravity multiplet are non-trivial and other fields vanish in (275).
Thus, we presented the way to calculate conformal anomaly depending not only from gravitational
field but also from other fields via bulk/boundary correspondence. It would be interesting to study the
universal structure of holographic conformal anomaly in the presence of dilaton in the same fashion as it
is done in ref.[175].
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6.2 Running gauge coupling and quark-antiquark potential from IIB super-
gravity
AdS/CFT correspondence [164, 165, 176, 163] may also provide new insights to the understanding of
non-perturbative QCD. For example, in frames of Type 0 string theory the attempts [177, 178, 179, 180,
181, 182, 183] have been done to reproduce such well-known QCD effects as running gauge coupling and
possibly confinement. It is among the first problems to get the description of well-known QCD phenomena
from bulk/boundary correspondence.
In another approach one can consider IIB supergravity vacuum which describes the strong coupling
regime of a (non)-SUSY gauge theory. This can be achieved by the consideration of deformed IIB SG
vacuums, for example, with non-constant dilaton which presumably breaks the conformal invariance and
supersymmetry of boundary super YM. Such background will be the perturbation of AdS5× S5 vacuum.
The background of such sort (with non-trivial dilaton) which interpolates between AdS (UV) and flat
space with singular dilaton (IR) has been found in ref.[184].
This solution of IIB SG [184] has been used in ref.[185] with the interpretation of it as the one
describing the running gauge coupling (via exponent of dilaton). QCD-like properties of such and similar
backgrounds have been discussed in detail in refs.[186, 187, 188, 189, 190, 191, 192]. Modifications of IIB
SG solution with non-constant dilaton [184] due to presence of constant self-dual vector[193] or world
volume scalar [194] give further indication on the possible confinement and asymptotic freedom of the
boundary gauge theory. Unfortunately, situation is very complicated here due to double role of IIB SG
backgrounds. From one side they may indeed correspond to IR gauge theory (deformation of initial
SUSY YM theory). On the same time such background may simply describe another vacuum of the same
maximally supersymmetric YM theory with non-zero VEV of some operator. Due to fact that operators
corresponding to deformation to another gauge theory are not known, it is unclear what is the case under
discussion (interpretation of SG background). Only some indirect arguments as below may be given.
As we see these arguments indicate that IIB SG background discussed in this section most probably
correspond to another vacuum of super YM theory under consideration. Then RG flow is induced in the
theory via giving a nonzero VEV to some operator.
In this section, we review the set of classical solutions in IIB supergravity and their properties typical
for QCD-like boundary gauge theory [195].
Let us make few remarks on AdS/CFT interpretation of IIB SG background. Choosing the coordinates
in the asymptotically AdS5 spacetime as
ds2 = dσ2 + S(σ)
3∑
i,j=0
ηijdx
idxj , (283)
one sees that scalar field λ, e.g. dilaton, axion or other fields, obey the following equation: d
2λ
dσ2 + 4
dλ
dσ =
M2λ. Here M2 is the “mass” of λ and σ → 0 corresponds to the boundary of AdS. Then λ is associated
with the operator Oλ with conformal dimension ∆ = 2+
√
4 +M2. The solution of the equation is given
by
λ = Ae−(4−∆)σ +Be−∆σ . (284)
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The solution corresponding to A is not normalizable but the solution to B is normalizable. According
to the argument in [196], the non-normalizable solution is associated with the deformation of the N = 4
theory by Oλ but the normalizable solution is associated with a different vacuum where Oλ has a non-
zero vacuum expectation value. The behavior of the dilaton is normalizable and seems to be associated
with the dimension 4 operator, say trF 2. Then the arguments in [196] would indicate that such solution
should correspond to another vacuum of N = 4 theory. Nevertheless, there might be still possibility that
the solution corresponds to non-SUSY gauge theory. Since there occurs the condensation of trF 2 in the
usual non-supersymmetric QCD, in any case, the solution given here describes some features typical for
the non-supersymmetric theory.
The situation is even more complicated due to limits of validity of dual SG description. In order
that the classical supergravity description is valid, the curvature should be small and the string coupling
should be also small. If the curvature is large, the α′ corrections from string theory would appear. In
the AdS/CFT correspondence, the radius Rs of the curvature is given by Rs = (4πgsN)
1
4 . Here gs is the
string coupling and N is the number of the coincident D-branes. Therefore we should require gsN ≫ 1.
On the other hand, the classical picture works when the string coupling is small: gs ≪ 1. In the solution
given here, there appears the curvature singularity and gs depends on the coordinates since the dilaton
is non-trivial. If we concentrate on the behavior near the boundary, which is asymptotically AdS and is
far from the singularity, the solution is reliable and SG description may be trusted.
We start from the following action of dilatonic gravity in d+ 1 dimensions:
S = − 1
16πG
∫
dd+1x
√−G (R− Λ− αGµν∂µφ∂νφ) . (285)
This action lies in the class of dilatonic gravity models under discussion in this review. In the following,
we assume λ2 ≡ −Λ and α to be positive. The action (285) is very general. It contains the effective
action of type IIB string theory. The type IIB supergravity, which is the low energy effective action of
the type IIB string theory, has a vacuum with only non-zero metric and the anti-self-dual five-form. The
latter is given by the Freund-Rubin-type ansatz:
Fµνρκλ = −
√
Λ
2
ǫµνρκλ (µ, ν, · · · = 0, 1, · · · , 4), Fijkpq = −
√
Λ
2
ǫijkpq (i, j, · · · = 5, · · · , 9) . (286)
The vacuum has the topology of AdS5 × S5. Since AdS5 has a four dimensional Minkowski space as a
subspace, especially on its boundary, AdS5 has the four dimensional Poincare´ symmetry ISO(1, 3). S
5
has, of course, SO(6) symmetry.
As an extension, we can consider the solution where the dilaton is non-trivial but the anti-self-
dual five-form is the same as in (286). Furthermore if we require the solution has the symmetry of
ISO(1, 3)× SO(6), the metric should have the following form as in ref.[184]:
ds2 = Gµνdx
µdxν + gmndx
mdxn , Gµνdx
µdxν = f(y)dy2 + y
d−1∑
i,j=0
ηijdx
idxj . (287)
where gmn is the metric of S
5. In order to keep the symmetry of ISO(1, 3)×SO(6), the dilaton field φ can
only depend on y. Then by integrating five coordinates on S5, we obtain the effective five dimensional
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theory, which corresponds to d = 4 and α = 12 case in (285). We keep working with above dilatonic
gravity as it will be easy to come to IIB supergravity (d = 4, α = 12 ) at any step.
The equations of motion given by the variation of the action (285) with respect to the metric Gµν
and the dilaton φ can be exactly solved if we assume that φ depends only on one of the coordinate, say
y ≡ xd as in type IIB supergravity solution with the symmetry of ISO(1, 3) × SO(6) and we can also
consider, as a generalization of (287), the case that ηij in (287) is replaced by gij , which is the metric in
the Einstein manifold defined by rij = kgij . Here rij is the Ricci tensor given by gij and k is a constant,
especially k > 0 for sphere and k = 0 for the flat Minkowski space and k < 0 for hyperboloid. The case
of k = 1 is especially interesting as it corresponds to gauge theory in de Sitter (inflationary) Universe.
The solution is given by
f =
d(d− 1)
4y2λ2
(
1 + αc
2
λ2yd
+ kdλ2y
) , φ = c ∫ dy√√√√ d(d− 1)
4yd+2λ2
(
1 + αc
2
λ2yd
+ kdλ2y
) . (288)
From the behavior of f(y), we find that there is a curvature singularity at y = 0. The curvature singularity
would be generated by the singular behavior of the dilaton φ when y ∼ 0. The curvature singularity
tells there should appear the α′ correction from the string theory and the supergravity description would
break down when y ∼ 0. Conversely and hopefully, the curvature singularity might be apparent and
vanish when we can include full string corrections. In any case, the dual interpretation of the solution
can be trusted if we investigate the behavior near the boundary (y → +∞).
If we change the coordinate y by ρ in (288), which is defined by
ρ ≡ −
∫
dy
√
f(y)
y
= −
∫
dy
√√√√ d(d− 1)
4y3λ2
(
1 + αc
2
λ2yd
+ kdλ2y
) , (289)
the metric has the following form
Gµνdx
µdxν = Ω2(ρ)
dρ2 + d−1∑
i,j=0
gijdx
idxj
 . (290)
Here Ω2(ρ) is given by solving y in (289) with respect to ρ: Ω2(ρ) = y(ρ). When ρ is small, y
is large and the structure of the spacetime becomes AdS asymptotically. From (289), we find ρ =√
d(d−1)
λy
1
2
(
1 +O (y−1)). Therefore we find
Ω2(ρ) = y(ρ) =
R2s
ρ2
(
1 +O (ρ2)) , Rs ≡ √d(d− 1)
λ
. (291)
The AdS5 part in the solution has the form (properly normalized)
ds2AdS5 = (4πgsN)
1
2 · 1
ρ2
dρ2 + d−1∑
i,j=0
ηijdx
idxj
 . (292)
Therefore we find
Rs = (4πgsN)
1
4 , (293)
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where gs is the string coupling and N is the flux of the five-form F in (286) through S
5, which is produced
by the N coincident D3-branes.
It is interesting that there are many Einstein manifolds which solve the model. The Einstein equations
are given by,
Rµν − 1
2
gµνR+
1
2
Λgµν = T
matter
µν . (294)
Here Tmatterµν is the energy-momentum tensor of the matter fields. If we consider the vacuum solution
where Tmatterµν = 0, Eq.(294) can be rewritten as Rµν =
Λ
2 gµν . If we put Λ = 2k, this is nothing but Eq. for
the Einstein manifold. The Einstein manifolds are not always homogeneous manifolds like flat Minkowski,
(anti-)de Sitter space or Nariai space but they can be some black hole solutions like Schwarzschild black
hole,
ds24 ≡
3∑
µ,ν=0
gµνdx
µdxν = −
(
1− r0
r
)
dt2 +
dr2(
1− r0r
) + r2dΩ2 , (295)
or Kerr one for k = 06 or Schwarzschild (anti-) de Sitter black hole for k 6= 0. In these solutions,
the curvature singularity at r = 0 has a form of line penetrating AdS5 and the horizon makes a tube
surrounding the singularity. This configuration seems to express D-string whose boundary lies on the
boundary of AdS5 or possibly D3-brane. Especially in case of Kerr or Kerr-(anti-)de Sitter solution, the
object corresponding to the singularity has an angular momentum.
Consider the running of the gauge coupling, which is given by the dilaton field φ due to AdS/CFT
correspondence. We assume the gauge coupling has the following form
g = gse
2β
√
α
d(d−1) (φ−φ0) = gs
{
1− 2βc
√
α
dλ
y−
d
2 +
kdβc
√
α
(d+ 2)λ3
y−
d
2−1 + · · ·
}
. (296)
In case of type IIB supergravity (α = 12 ), β =
√
d(d−1)
2 . If we define a new coordinate U by y = U
2, U
expresses the scale on the (boundary) d dimensional space (due to holography [198, 199]). Following the
correspondence between long distances/high energy in the AdS/CFT scheme, U can be regarded as the
energy scale of the boundary field theory. Then we obtain the following renormalization group equation
◦ k 6= 0 β(U) ≡ U dg
dU
= −d(g − gs)− 2kdβc
√
α
(d+ 2)λ3
(
dλ
2βc
√
α
) 2
d+1 (g − gs) 2d+1
gs
2
d
+ · · ·
◦ k = 0 β(U) = −d(g − g∗)−
(
d− d
2
2β
)
(g − gs)2
gs
+ · · · (297)
The leading behavior is the same as in refs. [185, 186, 187, 188, 193, 195] and tells that QFT on the
boundary has the non-trivial UV-fixed point.
Hence, we found that beta-function explicitly depends on the curvature of four-dimensional manifold.
Of course, curvature dependence is not yet logarithmic as it happens with usual QFTs (perturbative
consideration) in curved spacetime [2]. The power-like running of gauge coupling is much stronger than
in k = 0 case. Note that previous discussion of power-like running includes GUTs with large internal
dimensions [200, 201, 202, 203, 204, 205].
6This type of solutions for k = 0 case has been considered in ref. [197]
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One may also comment about the static potential between “quark” and “anti-quark”[206]. We evaluate
the following Nambu-Goto action
S =
1
2π
∫
dτdσ
√
det
(
gsµν∂αx
µ∂βxν
)
. (298)
with the “string” metric gsµν , which could be given by multiplying a dilaton function k(φ) to the metric
tensor in (287). Especially we choose k(φ) by
k(φ) = e
2γ
√
α
d(d−1) (φ−φ0) = 1− 2γc
√
α
dλy
d
2
+ · · · . (299)
In case of type IIB supergravity, γ = β =
√
d(d−1)
2 . We consider the static configuration x
0 = τ ,
x1 ≡ x = σ, x2 = x3 = · · · = xd−1 = 0 and y = y(x). The orbit of y can be obtained by minimizing the
action S or solving the Euler-Lagrange equation δSδy − ∂x
(
δS
δ(∂xy)
)
= 0. Substituting the configuration
into the action (298), we obtain the total energy of the system E(L) by S = T2πE(L). Here T is the
length of the region of the definition of τ . The energy E(L), however, contains the divergence due to
the self energies of the infinitely heavy “quark” and “anti-quark”. The sum of their self energies can be
estimated by considering the configuration x0 = τ , x1 = x2 = x3 = · · · = xd−1 = 0 and y = y(σ) (note
that x1 vanishes here) and the minimum of y at yD where brane would lie. Then the finite potential
Eqq¯(L) ≡ E(L)− Eself between “quark” and “anti-quark” is given by
◦ k 6= 0 Eqq¯(L) = 1
A
(
C 3
2
AL
)D0 +B
(
C 5
2
D0
C 3
2
+D2
)(
AL
C 3
2
)2
+ · · ·

A ≡ 2λ√
d(d− 1) , B ≡ −
kdγ
4λ2
, Ca ≡
∫ ∞
−∞
dt cosh−a t =
2(a−1)Γ
(
a
2
)2
Γ(a)
Dd ≡ 2
∫ ∞
0
dt cosh−
d+1
2 t e−t +
4
d− 1 =
2
d−3
2 Γ
(
d−1
4
)2
Γ
(
d−1
2
) (300)
◦ k = 0 Eqq¯(L) =
(
C 3
2
AL
)D0 ±B0
(
Dd + Fd +
SdD0
C 3
2
)(
AL
C 3
2
)d
+O(L2d)

Sd ≡
∫ ∞
−∞
dt cosh
1
2 t sinh−2 t
(
1− cosh− d2 t
)
, Fd ≡
∫ ∞
−∞
dt sinh−2 t cosh
1
2 t
(
1− cosh− d2 t
)
.
Here L is the distance between “quark” and “anti-quark” and we neglected the L independent terms.
Note that leading and next-to-leading term for k 6= 0 does not depend on the parameter γ in (299). The
leading behavior is attractive since D0 = −2.39628... but we should note that next-to-leading term is
linear in L for k 6= 0, which does not depend on the dimension d. Since C 52 D0C 3
2
+D2 = 3.49608 > 0 and
B is negative if k is positive and vice versa. Therefore the linear potential term in (300) is repulsive if
k > 0 (sphere, i.e. gauge theory in de Sitter Universe) and attractive if k < 0 (hyperboloid).
Of course, the confinement depends on the large L behavior of the potential. When L is large, however,
the orbit of the string would approach to the curvature singularity at y = 0, where the supergravity
description would break down. Despite of this, there might be interesting to investigate the large L
behavior. From the behavior of f(y) and the dilaton φ when y is small, we find the integrand in the
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Nambu-Goto action behaves as
k (φ(y)) y
√
f(y)
y
(∂xy)
2
+ 1 ∼ ysgn(c)
√
d(d−1)
2 +1
√
d(d− 1)
4αc2
yd−3 (∂xy)
2
+ 1
=
√√√√√ d(d − 1)
4αc2
(
sgn(c)
√
d(d−1)
2 +
d+1
2
)2 (∂xU˜)2 + (U˜)γ0 . (301)
Here U˜ ≡ ysgn(c)
√
d(d−1)
2 +
d+1
2 and γ0 ≡ 2sgn(c)
√
d(d−1)
2 +2
sgn(c)
√
d(d−1)
2 +
d+1
2
. When d = 4, 0 < γ0 < 2 when c > 0 and γ < 0
when c < 0. According to the analysis in [196], the orbit of the string goes straight to the region y ∼ 0
when c > 0 (0 < γ0 < 2) and the potential becomes independent of L. In this case, however, the potential
would receive the α′ correction from the string theory. On the other hand, when c < 0 (γ < 0), there
is an effective barrier which prevents the orbit of string from approaching into the curvature singularity
and the potential would not receive the α′ correction so much and the supergravity description would
be reliable. Furthermore c < 0 (γ < 0) case predicts the confinement. Similarly, one can evaluate the
potential between monopole and anti-monopole by using the Nambu-Goto action for D-string instead of
(298) (cf.ref.[207]) and study its behavior.
One can include the axion field χ into the action of type IIB supergravity (α = 12 ) in (285), following
ref.[174, 208]
S = − 1
16πG
∫
dd+1x
√−G
(
R+ λ2 − 1
2
Gµν∂µφ∂νφ+
1
2
e2φGµν∂µχ∂νχ
)
. (302)
Again the solution may be found and its boundary gauge theory interpretation presented. By properly
choosing the constants of the integration, the boundary field theory can be regarded as asymptotically
free. We also find the dilaton field behaves, when y is small as φ ∼ −
√
d(d−1)
2 ln y, which corresponds to
c < 0 case in the pure dilaton case. Since the behavior of the metric is essentially identical with the pure
dilaton case, the supergravity description would be valid even for large L and the confinement would
be predicted. Especially, one can investigate the supersymmetric background. Since that is background
where the fermion fields, that is, dilatino ξ and gravitino ψµ vanish, if the variation under some of the
supersymmetry transformations of these fermionic fields vanishes the corresponding supersymmetries are
preserved. We find that although all supersymmetries break down in general, half of the supersymmetries
survives. This situation does not depend on k. Such solution corresponds to super YM theory with
asymptotically free gauge coupling and two supersymmetries broken. In the same way, one can study
dilatonic AdS-like backgrounds in the presence of other fields, like fermionic ones. Our next problem will
be to take into account temperature in the above picture.
6.3 Dilatonic AdS black holes: running gauge coupling and qq¯-potential at
non-zero temperature
It has been realized that planar AdS5 BH is dual to a thermal state of N = 4 super YM theory. The
corresponding coupling constant dependence has been studied in ref.[209, 210] based on earlier study
of SG side free energy in ref.[211]. Spherical AdS BH shows the finite temperature phase transition
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[212] which may be used to realize the confinement in large N theory at low temperatures [165]. In this
section, based on [213], we give the example of the deformation of IIB SG AdS5 × S5 background with
non-trivial dilaton where AdS sector is described by BH (hence, temperature appears). Then, running
gauge coupling of gauge theory at non-zero temperature may be defined by exponent of dilaton. We give
some approximate solutions of IIB SG7 with such properties where running coupling shows power-like
behavior in the temperature (in the expansion on radius).
We start from the action of dilatonic gravity in d + 1 dimensions in (285). We assume the (d + 1)-
dimensional metric is given by
ds2 = −e2ρdt2 + e2σdr2 + r2
d−1∑
i,j=1
gijdx
idxj . (303)
Here gij does not depend on r and it is the metric in the Einstein manifold. We also introduce new
variables U and V by
U ≡ eρ+σ , V ≡ rd−2eρ−σ . (304)
When the dilaton vanishes (or constant), the solution is given by
U = 1 , V = V0 ≡ kr
d−2
d− 2 +
λ2
d(d− 1)r
d − µ . (305)
Here µ corresponds to the mass of the black hole. k = 0, positive or negative corresponds to planar,
spherical or hyperbolic AdS BH, respectively. When µ = 0, the solution is isomorphic to AdS. If we
choose k < 0, the metric has the following form:
ds2 = − (r
2 − r20)
l2
dt2 +
l2
(r2 − r20)
dr2 + r2
d−1∑
i,j=1
gijdx
idxj . (306)
Here
l2 ≡ d(d− 1)
λ2
, r0 ≡ l
√
− k
d− 2 . (307)
The obtained AdS metric has a horizon at r = r0. From the behavior of the metric at r ∼ r0 after
Wick-rotated, we find a temperature T :
T =
r0
2πl2
=
1
2πl
√
−k
d− 2 . (308)
One can now consider the perturbation by assuming the dilaton is small [213]. We will concentrate
on the case of type IIB SG in d = 4, by putting α = 12 . Note that in this approximation the radius is
away from horizon. Near-horizon regime may be discussed independently.
For µ = 0 and k < 0 case, the leading term for the dilaton φ is is found as
φ = φ0 + cl
2
{
1
2r40
ln
(
1− r
2
0
r2
)
+
1
2r20r
2
}
= φ0 + c
{
1
2l6(2πT )4
ln
(
1− l
4(2πT )2
r2
)
+
1
2l2(2πT )2r2
}
. (309)
7These solutions presumably describe thermal states of (non)-SUSY gauge theory which descends from N = 4 super YM
after breaking of SUSY and conformal invariance or another vacuum of the same super YM theory.
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which gives the temperature dependent running dilaton. We should note that there is a singularity in
the dilaton field at the horizon r = r0 = 2πl
2T . The fact that dilaton may become singular at IR has
been mentioned already in two-boundaries AdS solution of IIB SG in ref.[184]. It is also interesting that
when r is formally less than r0 then dilaton (and also running coupling) becomes imaginary.
Since the string coupling is given by g = gse
φ (gs : constant), we find the behavior of g when r is large
and c is small. Since r is the length scale corresponding to the radius of the boundary manifold, r can be
regarded as the energy scale of the field theory on the boundary [198, 199]. Therefore the beta-function
is given by [213]
β(g) = r
dg
dr
= −4 (g − gs) + 2
5
2
3
(2πT )2 l3gs
(
gs − g
cgs
) 3
2
. (310)
The first term is usual and universal. The second term defines the temperature dependence.
Let us comment on the case of high T . As we consider the behavior near the boundary, first we take
r to be large. After that we consider the case of high T . In this case r ≫ T l2 and we can consider the
large T case in the expression (310). The problem might happen when r ∼ T l2. In this case, we need to
solve Eq.(309) with respect to r as a function of T and φ or coupling: r = r(g, T ). Then from (309), we
find the following expression of the beta-function:
β(g) ∼ rdg
dr
∣∣∣∣
r=r(g,T )
=
gscl
2
r(g, T )4
(
1− l4(2πT )2r(g,T )2
) . (311)
In case r is large, the above equation reproduces (310). We can also consider the case that the last
term in (309) is larger than the second term which contains ln(· · ·). In this case, the leading behavior
of the beta-function has the following form: β(g) ∼ −2 (g − gs) + · · ·. This beta-function presumably
defines strong coupling regime of non-SUSY gauge theory at high temperature. It is interesting to note
that in perturbative gauge theory at non-zero temperature the running gauge coupling contains not only
standard logarithms of T but also terms linear on T (see ref.[214] and references therein). Of course, in
our case we have not asymptotically free theory but the one with stable fixed point.
Now we consider the correction for V and U , writing them in the following form: V = V0 + c
2v,
U = 1+ c2u, where v = v(s), u = u(s) are given explicitly in [213]. Here s = − 2r2kl2 . Then we find that U
and V or e2ρ and e2σ have the singularity at the non-perturbed horizon corresponding to s = 1. Eq.(309)
tells also that the dilaton field is also singular there. In other words, the expansion with respect to c2
breaks down when s ∼ 0. Therefore the singularity in U , V would not be real one.
In order to investigate the behavior in near-horizon regime we assume that the radius of the horizon is
large and use 1r expansion: V =
r4
l2 +
kr2
2 +
a
r4 +O
(
r−6
)
. We put the constant term to be zero assuming
that the black hole mass vanishes. Then a = c
2l2
48 and e
φ, V and U have the following forms:
eφ = eφ0
(
1− cl
2
4r4
+O (r−6))
V =
r4
l2
+
kr2
2
+
c2l2
48r4
+O (r−6) , U = 1− c2l4
192r8
+O (r−10) . (312)
From the equation V = 0 we find the position of the horizon and the correction to the temperature:
r = rh ≡ l
√
−k
2
(
1− c
2
6k4l4
)
, T =
1
2πl
√
−k
2
− c
2
(−k2 )− 72
192l5
. (313)
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We can also analyze the potential between quark and anti-quark [206] by evaluating the Nambu-Goto
action in (298) as in the previous section. We consider the static configuration x0 = τ , x1 ≡ x = σ,
x2 = x3 = · · · = xd−1 = 0 and r = r(x). Choose the coordinates on the boundary manifold so that
the line given by x0 =constant, x1 ≡ x and x2 = x3 = · · · = xd−1 = 0 is geodesic and g11 = 1 on the
line. The orbit of r can be obtained by minimizing the action S or solving the Euler-Lagrange equation.
By the similar procedure in the previous section, we find the following expression for quark-antiquark
potential [213]
Eqq¯(L) =
lAC
L
− l
3 (2πT )
2
2
(
BC
A2
+
D
A
)
L+O (L3) (314)
C = 2
∫ ∞
0
dt
 cosh2 t(cosh2 t+ 1) 12 − sinh t
− 2 = −1.19814...
D = 2
∫ ∞
0
dt(
cosh2 t+ 1
) 3
2
= 0.711959 .
Here we neglected the L independent term. We should note that next-to-leading term is linear in L,
which might be relevant to the confinement. For the confinement, it is necessary that the quark-antiquark
potential behaves as Eqq¯ ∼ aL with some positive constant a for large L. For high temperature, it is
usually expected that there occurs the phase transition to the deconfinement phase, where the potential
behaves as Coulomb force, Eqq¯ ∼ a′L . Since BCA2 + DA > 0 and k < 0, the potential is repulsive. The
leading term expresses the repulsive but shows the Coulomb like behavior. The next-leading-term tells
that the repulsive force is long-range than Coulomb force.
The expression (314) is correct even at high temperature if L is small. If L is large and the orbit
of string approaches to the horizon and/or enters inside the horizon, the expression would not be valid.
Since the horizon is given by (307), the expression (314) would be valid if L ≪ A
√
− 2k = 2πAlT . The
above condition makes difficult to evaluate the potential quantitively by the analytic calculation when L
is large and numerical calculation would be necessary. In order to investigate the qualitive behavior of
the potential when L is large, we consider the background where the dilaton is constant φ = φ0, which
would tell the effect of the horizon or finite temperature. As c = 0 when the dilaton is constant, we can
use the solution in (305). Then by the calculation similar to (314) but without assuming L is small, we
obtain the following expression of the quark-antiquark potential:
Eqq¯ = rmin
∫ ∞
−∞
dt sinh t

1− 1
cosh2 t
·
1− r20
r2
min
cosh2 t− r20
r2
min
−
1
2
− 1
+ 2 (rD − rmin) . (315)
Here rmin is the minimum of r and constant −1 in { } and the last term correspond to the subtraction of
the self-energy. The integration in (315) converges and the integrand is monotonically decreasing function
of 1rmin if rmin is larger than the radius of the horizon r0 : rmin > r0 and vanishes in the limit of rmin → r0.
Therefore if rmin decreases and approaches to r0 when L is large, which seems to be very natural, the
potential Eqq¯ approaches to a constant Eqq¯ → 2 (rD − r0) and does not behave as a linear function of
L [213]. This tells that the quark is not confined. This effect would correspond to deconfining phase of
QCD in the finite temperature.
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Similarly, one can consider another interesting case like that k = 0 and µ 6= 0 [213], which corresponds
to the throat limit of D3-brane [209, 211]. In a way similar to k < 0 and µ = 0 case, the corrections
coming from the dilaton were calculated for the beta-function and quark-antiquark potential with the
indication to possible confinement [213]. One can consider even more general case where either k or µ do
not vanish (for details, see [213]). The analysis of this case may be done in the same way as above.
It is also extremely interesting to study thermodynamics of obtained dilatonic AdS BHs. After Wick-
rotating the time variable by t→ iτ , the free energy F can be obtained from the action S in (285) where
the classical solution is substituted after the Wick-rotation. The expression of S, however, contains the
divergence coming from large r. In order to subtract the divergence, we regularize S by cutting off the
integral at a large radius rmax. After that we subtract the divergent part. In case of k < 0 and µ = 0,
we subtract it by using the extremal solution with c = 0. Then we obtain the following expression [213]
F = − V3
2πGl2
(
5l8 (2πT )4
32
+
c2
768l4 (2πT )
4
)
. (316)
In order to get the entropy S, we need to know T dependence of V3 although V3 is infinite. Since k is
proportional the curvature, V3 would be proportional to k
− 32 . Therefore the entropy S and mass (energy)
E are given by
S = −dF
dT
=
V3
2πGl2T
(
25l8 (2πT )
4
64
+
49c2
1536l4 (2πT )4
)
E = F + TS = V3
2πGl2
(
15l8 (2πT )
4
64
+
47c2
1536l4 (2πT )
4
)
. (317)
In terms of string theory correspondence[209], the parameters G and l are given by l4 = 2g2YMNα
′2
and Gl =
πg2YMα
′2
N . Here the Yang-Mills coupling gYM is given by the string coupling gs: g
2
YM = 2πgs
and N is the number of the coincident D3-branes. As V3 is now dimensionless, we multiply l
3 with V3:
V˜3 ≡ l3V3. Then Eqs.(316) and (317) can be rewritten as follows:
F = − V˜3
2π2
(
5N2 (2πT )
4
16
+
c2
3072l4g6YMNα
′6 (2πT )4
)
S = V3
2π2T
(
25N2 (2πT )4
32
+
49c2
6144g6YMNα
′6 (2πT )4
)
E =
V3
2πGl2
(
15N2 (2πT )
4
32
+
47c2
6144g6YMNα
′6 (2πT )4
)
. (318)
For k = 0 and µ > 0 case, we can obtain the thermodynamical quantities in a similar way, where
we regularize S by subtracting the solution with µ = 0 and c = 0. The results are given in [213]. The
leading behavior of F and S are consistent with [209]. As we used 1r expansion, the next to leading terms
become dominant when the radius of horizon rh is large and the parameter c is not very small. One has
to remark that leading term in above free energy describes the strong coupling regime free energy for
N = 4 super YM theory with the usual mismatch factor 3/4 if compare with perturbative free energy.
Thus, we discussed applications of dilatonic AdS gravity for construction of dilatonic AdS BHs which
may be used for description of gauge theory at non-zero temperature.
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6.4 Strong coupling limit of N = 2 superconformal field theory free energy
from AdS black hole thermodynamics
In the previous section we gave one example where AdS BH gives the strong coupling limit of N = 4 super
YM theory free energy [211, 209] which differs by factor 3/4 with perturbative result (boundary QFT)
in the leading order of 1/N expansion. Note that thermodynamics of super YM theory in relation with
AdS/CFT correspondence has been discussed in large number of works[215, 210, 216, 217, 181, 218, 219,
220, 221, 222, 223, 224, 225, 226, 227, 228, 229, 230, 213, 231, 232, 233, 234] (see also references therein).
It is quite interesting to understand what happens in the next order of 1/N expansion. Clearly that such
analysis should be related with higher derivatives (HD) terms on SG side. In more general framework
HD terms may help in better understanding of AdS/CFT correspondence or even in formulation of new
versions of bulk/boundary conjecture.
That is the purpose of this section to show the role of HD terms in bulk action in AdS/CFT corre-
spondence as it was done in [235]. The conformal anomaly of d = 4, N = 2 and N = 4 SCFTs (bulk side
calculation) has been found up to next to leading order in the 1/N expansion in refs. [171, 172]. Even
in next to leading order term it coincides with QFT result (for gravity side derivation of trace anomaly,
mainly in N = 4 super YM case, see also refs.[167, 236, 237, 238, 239, 240]). The N = 2 theory with
the gauge group Sp(N) arises as the low-energy theory on the world volume on N D3-branes sitting
inside 8 D7-branes at an O7-plane [241, 242, 243, 244, 245]. The string theory dual to this theory has
been conjectured to be type IIB string theory on AdS5 ×X5 where X5 = S5/Z2 [246], whose low energy
effective action is given by
S =
∫
d5x
√
g
{
N2
4π2
(R+ 12) +
6N
24 · 16π2RµνρσR
µνρσ
}
. (319)
The overall factor of the action is different by 12 from that of the action which corresponds to N = 4
SU(N) gauge theory. The latter action is given by type IIB (compactified) string theory on AdS5 × S5.
The factor 12 comes from the fact that the volume of X
5 = S5/Z2 is half of S
5 due to Z2. Note that
Riemann curvature squared term in the above bulk action is deduced from heterotic string via heterotic-
type I duality [247] (dilaton is assumed to be constant). The interesting fact about theory (319) is that
it may be rewritten also as dilatonic gravity.
Then the equations of motion have the following form:
0 = − c
2
gζξ
(
RµνρσR
µνρσ +
1
κ2
R− Λ
)
+ cRζµνρR
µνρ
ξ +
1
κ2
Rζξ − 4cDνDµRµ νζ ξ . (320)
Here 1κ2 =
N2
4π2 , c =
6N
24·16π2 , Λ = − 12κ2 = − 12N
2
4π2 . One can treat the next-to-leading term of order N as
perturbation of order N2 terms. Solving the equation perturbatively, one finds that BH-like metric is
modified by
ds2 = gµνdx
µdxν = −e2ρdt2 + e−2ρdr2 + r2
3∑
i=1
(
dxi
)2
e2ρ =
1
r2
{
−µ+
(
1 +
2
3
ǫ
)
r4 + 2ǫ
µ2
r4
}
, ǫ ≡ cκ2 = 1
16N
. (321)
71
The radius rh of the horizon and the temperature T are given by
rh ≡ µ 14
(
1− 2
3
ǫ
)
, T =
µ
1
4
π
(1− 2ǫ) = µ
1
4
π
(
1− 1
8N
)
. (322)
It is interesting to calculate the thermodynamical quantities like free energy. After Wick-rotating the
time variables by t→ iτ , the free energy F can be obtained from the action S in (319) where the classical
solution is substituted: F = 1T S. Using (320) and (321), we find
S =
N2V3
4π2T
∫ ∞
rh
drr3
{
8− 2ǫ
3
(
40 +
72µ2
r8
)}
. (323)
Here V3 is the volume of 3d flat space and we assume τ has a period of
1
T . The expression of S contains
the divergence coming from large r. After subtraction of this divergence one gets [235]
F = −N
2V3µ
4π2
(
1 +
3
4N
)
. (324)
The entropy S and the mass (energy) E are given by
S = N
2V3L
6 (πT )
4
π2T
(
1 +
3
4N
)
, E =
3N2V3L
6 (πT )
4
4π2
(
1 +
3
4N
)
. (325)
We now compare the above results with those of field theory of N = 2 Sp(N) gauge theory. N = 2
theory contains nV = 2N
2 + N vector multiplets and nH = 2N
2 + 7N − 1 hypermultiplets. Vector
multiplet consists of two Weyl fermions, one complex scalar and one real vector which gives 4 bosonic
(fermionic) degrees of freedom on shell and hypermultiplet contains two complex scalars and two Weyl
fermions, which also gives 4 bosonic (fermionic) degrees of freedom on shell [248]. Therefore there appear
4× (nV + nH) = 16
(
N2 + 2N − 14
)
boson-fermion pairs. In the limit which we consider, the interaction
between the particles can be neglected. The contribution to the free energy from one boson-fermion pair
in the space with the volume V3 can be easily estimated [211, 209]. Each pair gives a contribution to the
free energy of π
2V3T
4
48 . Therefore the total free energy F should be [235]
F = −π
2V3N
2T 4
3
(
1 +
2
N
− 1
4N2
)
. (326)
Comparing (326) with (324), there is the difference of factor 43 in the leading order of 1/N as observed
in [211, 209].
Hence, we presented the strong coupling limit of free energy in N = 2 SCFT from SG side up to
next to leading order term (it was generated by Riemann curvature squared term). Its weak coupling
limit (326) obtained from QFT side cannot be presented as strong coupling limit free energy multiplied
to some constant. This only holds for leading order terms where mismatch multiplier is 3/4. The next to
leading term in (326) should be multiplied to 9/32 in order to produce the corresponding term in (324).
To conclude, in this Chapter, we discussed the role of classical solutions of dilatonic gravity (when
dilaton is not constant) in bulk/boundary correspondence for getting strong coupling limit in (super)
gauge theory. Of course, we only discussed few topics related with our main purpose: to describe some
properties and consequences of (quantum) dilatonic gravity. To understand other topics in this quickly
growing field of research one is advised to consult recent review [163].
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7 Discussion
Dilatonic gravity (or scalar-tensor gravity) is the generalization of Einstein theory where scalar partner
is added to usual tensor graviton. In this review, we discussed various aspects, methods, results and ex-
amples related with dilatonic gravity in quantum regime (or, in classical framework where dual, quantum
interpretation may work). The quantum effective action calculated in the models of 2d and 4d dilatonic
gravity (with dilaton coupled matter) helped to give the answers to number of questions. In particu-
lar, the renormalizability and quantum equivalence of dilatonic gravities, the existence of fixed points
in renormalization group study near two dimensions, quantum corrections to thermodynamics of (dila-
tonic) black holes and to early Universe evolution have been investigated. In all cases, the corresponding
results and examples are given with sufficient details and may be easily understood and generalized for
another gravitational backgrounds. The number of interesting phenomena caused by quantum effects like
Hawking radiation in dilatonic black holes, anti-evaporation of multiply horizon black holes, inducing of
primordial wormholes in Grand Unified Theories and realization of non-singular inflationary Universe are
presented.
The study of classical Anti-de Sitter-like solutions of 5d dilatonic gravity (bosonic sector of IIB
supergravity) may give the answers to questions in the boundary supersymmetric quantum gauge theory
via bulk/boundary correspondence. In this way, dilatonic gravity explains how to find the quark-antiquark
potential (with indication to possible confinement), running gauge coupling and free energy (or entropy)
of boundary SUSY gauge theory.
We were addressing mainly the aspects of quantum dilatonic gravity. As a result, there are many
problems left outside of this review. First of all, we did not discuss the comparison with observational
data (macroscopic manifestations of dilaton) indicating sometimes to difficulties related with dilatonic
gravity. The reason is very natural: one can always suppose that dilatonic gravity is acceptable only near
Planck scale and after that dilaton should quickly decay by some mechanism. From another side, as it
was already explained earlier the dilaton may be often regarded as purely technical tool to simplify the
consideration (say, 4d Einstein gravity after reduction looks like effective 2d dilatonic gravity, etc.).
Second, while we mentioned that dilaton is unavoidable element of string theory there was no discus-
sion of dilaton from stringy point of view (forgetting the fact that some of the theories under consideration
may be string-inspired ones). However, one should note that there may be mechanisms (see, for exam-
ple, [249]) how to make the presence of even massless dilaton in stringy gravity to be consistent with
observational cosmology.
Third, it would be really interesting to develop further the elements of inflationary dilatonic cosmology
(fifth chapter) in order to find the deviations from the standard cosmological predictions. One example of
this sort comes from the calculation of cosmic background radiation spectrum from the dilatonic theory
where dilaton appears as conformal sector of infrared quantum gravity [250].
Fourth, as it follows from fourth chapter the qualitatively new phenomena (like the anti-evaporation
of black holes) may be expected in the quantum considerations around (dilatonic) black holes. As so far,
the corresponding treatment is semi-classical , the new strong coupling methods to study the gravitational
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physics at extremal conditions should be developed. As it was shown in last chapter one can often realize
the classical gravitational systems (like Anti-de Sitter black holes) as quantum non-gravitational systems
(supersymmetric gauge theory) using AdS/CFT correspondence. Hence, it is quite possible that right
strong coupling methods in quantum gravity may appear from deeper study of above bulk/boundary
correspondence. In particular, the hopes are related with the possibility to construct the complete,
non-local but finite gravitational effective action (calculated using kind of strong coupling expansion
or applicable at extreme conditions). This one and many more similar questions in dilatonic quantum
gravity await their final resolution.
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